Lecture 12

Large Scale Structure
Overarching concept: Quantum fluctuations of the inflaton field become the seeds
of galaxies we see today. Tiny quantum fluctuations are stretched to macroscopic
scales by inflation.

1

Baryon Acoustic Oscillations

Prior to recombination, interactions between radiation and matter left an imprint
on the large-scale distribution of matter across the universe. The phenomenon is
referred to as Baryon Acoustic Oscillations (BAOs) and its detection was first described in [1, 2]. Baryons and dark matter couple gravitationally, yet dark matter
lacks photon interactions and, therefore, does not feel radiation pressure in overdense regions. Conversely, baryons are pushed outwards from initial overdensities
by this photon pressure. As this happens, the universe is expanding and eventually
the interaction subsides during recombination. Baryons are suddenly left behind as
the CMB photons shed their subluminal counterparts. Most of the baryons fall back
towards the overdense regions while a fraction remains in a shell as an echo from
the former era.
The Copernican principle states that we, as observers of the universe, do not have
the benefit of a privileged vantage point. As modern sky surveys suggest that
our local universe is isotropic and homogenous over the largest scales we conclude
that so is the universe as a whole. Upon closer inspection we notice, however,
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Figure 1: Results from the 2dF Galaxy Redshift Survey showing the distribution of galaxies projected
onto the plane. Reproduced with the permission from the 2dF Galaxy Redshift Team [3, 8]

that galaxies tend to clump together in halos with great lifeless voids in between.
Figure 1 shows the distribution of approximately a hundred thousand galaxies across
two patches on the sky as measured by the 2dF Galaxy Redshift Survey [3]. Similar
distributions can only be seen in simulations that include a dark matter component
that dominates baryonic energy densities at the ratio of six to one [4, 5].
By mapping the distribution of tens of thousands of galaxies over a range of angles
and redshifts, scientists are able to measure this echo, the angular power spectrum
of matter. The characteristic angular scale corresponds to an overdensity in galaxy
correlations at 150 Mpc comoving scales. Current best limits are described in [6].
A great review article can be found in [7]. We will discuss this further in Lecture
14.
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Simple Model

Let’s take a look at a simple model of a static (non-expanding) universe. Consider
a sphere of radius R (see Figure 2). Let us say that this sphere has an overdensity
relative to the background density ρ̄ = ρ0 (t)
δ≡

ρ − ρ̄ δρ
=
ρ̄
ρ̄

(1)

This sphere will fall in on itself according to
G(δM )
G
R̈ = −
=
−
R2
R2



4π 3
R ρ̄δ
3



(2)

so that
R̈
4πGρ̄
=−
δ(t).
R
3

(3)

Now consider that the mass of the sphere is
M=

4π
[1 + δ(t)]R(t)3 ,
3

(4)

and that we can write
−1/3

R(t) = R0 [1 + δ(t)]



≈ R0


1
1 − δ(t)
3

(5)

where R0 = (3M/4π ρ̄)1/3 = const and we have assumed that δ  1. From this,
it follows that (assuming R ≈ R0 )
R̈
1
= − δ̈.
R
3

(6)

Finally, combining Equations 3 and 6, we get
δ̈ = 4πGρ̄δ.

(7)

This equation describes the time evolution of an overdensity. We know that differential equations such as this one admit general solutions of the type
δ(t) = A1 et/tdyn + A2 e−t/tdyn
3

(8)
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Figure 2: An overdensity falls in under its own gravity.

where A1 and A2 are constants and
tdyn = (4πGρ̄)−1/2 ,

(9)

is the collapse time constant. In the following section we are going to expand on
these types of derivations.

3

Newtonian Perturbation Theory

We need three equations to describe the time-evolution of a background fluid
ρ̇ + ∇ · (ρv) = 0,

(10)

1
v̇ + (v · ∇)v = −∇Φ − ∇p,
ρ

(11)

∇2 Φ = 4πGρ.

(12)

These three equations are referred to as the continuity equation, the Euler equation, and the Poisson equation for Newtonian gravity, respectively. Notice that
Euler equation is analogous to the Newton’s second law (F = ma), but there’s an
additional term that accounts for movement of the fluid.
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The zeroth-order solutions to these equation have the following form


a(t) −3
ρ(t, r) = ρ0
a0
ȧ(t)
r,
v0 (t, r) =
a(t)
2πGρ0 r2
Φ0 (t, r) =
,
3

(13)
(14)
(15)

where the three equations represent change in density due to expansion, the Hubble
law, and a time-independent solution to the Poisson equation, respectively.
We want to perturb these solution by introducing a time- and position-dependent
density constrast, δ(t, x),
ρ(t, x) = ρ0 (t) + δρ(t, x) ≡ ρ0 (t)[1 + δ(t, x)],

(16)

we can do the same for the velocity field
v(t, x) = v0 (t) + δv(t, x) ≡ v0 (t)[1 + δv (t, x)].

(17)

Note that ρ0 (t) corresponds to ρ̄ in the previous section. With this notation in place,
we want to see how density and velocity evolve according to Equations 13–15 for
small deviations from uniformity and in the absence of a gravitational potential.
We would start by inserting Equation 16 into 10 and only keeping terms up to first
order. This gives us
∂(ρ0 + δ)
+ ∇ · (ρ0 v + δρv0 + ρ0 δv) = 0.
∂t

(18)

A continuation of this linearization process where we’ve also plugged into Equation
10 results in the following set of equations
∂t δρ = −∇ · (ρ0 v),
ρ0 ∂t v = −∇δp.
5

(19)
(20)
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which can be combined to find
∂t2 δρ − ∇2 δp = 0.

(21)

If we assume that pressure fluctuations are proportional to density fluctuations
according to δp = vs2 δρ, with vs corresponding to the speed of sound in the fluid,
then we can see that the above equation is just the well-known wave equation
(∂t2 − vs2 ∇2 )δρ = 0,

(22)

which has a plane wave solutions of the form δρ = A exp[i(ωt − k · r)] where
ω = vs k. In this universe, fluctuations oscillate with a constant amplitude.
Note that we are able to make these simplifying assumptions because we assume
that the density contrast in comparable in amplitude to the temperature anisotropies
of the cosmic microwave background. In other words
∆T
δρ
∼
∼ 10−5 .
T
ρ

(23)

In the next step we see what happens when we add gravitational interactions.

3.1

Adding Gravity

We now want to see what happens when we add gravity to the mix. It turns out
that this simply corresponds to adding a source term to Equation 22:
(∂t2 − vs2 ∇2 )δρ = 4πGρ0 δρ.

(24)

This equation has the same type of solution, but we now have
ω 2 = vs2 k 2 − 4πGρ0 .
6

(25)
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It is clear from the above equation, that there exists a wavenumber, k, such that
the frequency of oscillations is zero. This happens for
√
4πGρ0
kJ ≡
.
vs

(26)

For large wavenumbers, the first term in Equation 25 dominates and we have sinusoidal oscillations as before. However, for small wavenumbers, which corresponds
to large spatial scales, the frequency, ω, becomes imaginary and oscillations are
allowed to increase exponentially. The corresponding length scale is known as the
Jeans length
2π
= vs
λJ =
kJ

r

π
.
Gρ0

(27)

From this it is seen that only scales that are larger than the Jeans length can grow
(the solutions are damped for smaller scales). The mass within a sphere of radius
λJ /2 is called the Jeans mass and is given by
 
4π λJ 3
π 5/2 vs3
MJ =
ρ0 =
√ .
3
2
6G3/2 ρ0

(28)

It is clear from Equation 25 that there exists a critical density contrast δc , such that
structure growth is possible for δ > δc (see Figure 3).

3.2

Adding Expansion

We now want to see what happens when we add an expanding universe to the
mixture. We start where we left off from Section 2, but now we want to generalize
Equation 3 so that it is appropriate for an expanding universe
GM
4πGρ(t)
R̈
=− 3 =−
[1 + δ(t)].
R
R
3

(29)

We also have
R(t) ∝ ρ(t)−1/3



1
∝ ρ̄(t)−1/3 [1 + δ(t)]−1/3 ] ∝ a(t) 1 − δ(t)
3
7

(30)
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Figure 3: Density variations as a function of position. Some inhomogeneities exceed the critical
value for collapse, δc .

where in the last expression we’ve used δ  1 and ρ̄(t) ∝ a(t)−3 . We can take the
second time derivative of R in the above expression and ignoring terms of order δ,
but not δ̇ and δ̈. We get
2 ȧ
R̈ ä 1
= − δ̈ −
δ̇.
R a 3
3a

(31)

We can now finally combine Equations 29 and 31 together with the second Friedmann equation to arrive at
δ̈ + 2H δ̇ − 4πGρ̄δ = 0.

(32)

This equation describes the time-evolution of density perturbations. Notice that
this is a simple 2nd order differential equation with a drag term from the Hubble
parameter. This indicates that the expansion of the universe is slowing down the
growth of perturbations.

3.3

Relativistic Perturbation Theory

For large scales and relativistic fluids, we need full relativistic perturbation theory,
but unfortunately, that’s out of the scope of these lectures. We note, however, that
8
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a general perturbations to the FLRW metric becomes


ds2 = a2 (τ ) (1 + 2Ψ)dτ 2 − (1 − 2Ψ)δij dxi dxj

(33)

You may remember Ψ from Lecture 10 in relation to the Sachs-Wolfe effect.

4
4.1

Spectrum of Fluctuations
Fourier Space and Matter Dominated Universe

The types of problems that we are describing are naturally decomposed into their
corresponding Fourier modes. Since the coupled equations are linear in the small
quantities, δ, each Fourier mode is assumed to evolve independently. We write
Z
1
δ(t, x) =
eik·x δ̂(t, k)d3 k
(34)
3/2
(2π)
with the corresponding inverse transformation
Z
1
δ̂(t, k) =
e−ik·x δ(t, x)d3 x.
3/2
(2π)
With this notation, we can write (see Equation 11.34 in B&G)
 2 2

k vs
δ̈(t, k) + 2H δ̇(t, k) +
− 4πGρ0 δ(t, k) = 0
a2 (t)

(35)

(36)

For small k (lengths much larger than the Jeans length), or for cold dark matter
which does not feel the electromagnetic pressure, the term proportional to k 2 in
the above equation can be neglected. In a flat, matter dominated universe where
a(t) ∝ t2/3 , ȧ/a = 2/(3t), and ρ0 = 1/(6πGt2 ) we get
δ̈(t, k ∼ 0) +

4
2
δ̇(t, k ∼ 0) − 2 δ(t, k ∼ 0) = 0
3t
3t

(37)

which has the solutions
δ(t, k ∼ 0) = c+ t2/3 + c− t−1 .
9
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This indicates that one solution is growing with t2/3 whereas one is decaying with
t−1 . Of course we are interested in the one that is growing with time. It turns out
that perturbation in cold dark matter can grow during matter a dominated universe
while baryons oscillate until decoupling. From this it follows that dark matter plays
a crucial role in structure formation — dark matter forms potential wells that the
baryons will fall into once they decouple from radiation at the last scattering surface.

4.2

The Sound Speed and Horizons

The variation in pressure with respect to the density is related to the sound speed
of the fluid. Prior to decoupling the baryons and photons interact frequently and
speed of pressure (sound) waves is
vs2 =

∂p
.
∂ρ

(39)

The above expression assumes that pressure perturbations are related to density
perturbations by the speed of sound in the medium, δp = vs2 δρ. Perturbations that
can be described this way are called adiabatic perturbations.
After recombination, the speed of sound falls rapidly with interesting consequences.
√
In a radiation dominated universe we have w = 1/3 and ρ ∝ t−2 so that vs ∼ c/ 3,
where c is the speed of light in vacuum. In other words, the baryons are relativistic.
The Jeans length in this scenario corresponds to
r r
r
π
π 8πG 1
3c
λJ = vs
= vs
∼
> dH .
Gρ0
G
3 H
H

(40)

where we used the first Friedmann equation to replace ρ0 with the Hubble parameter
and define dH = c/H as the Hubble radius. According to Section 3.1, only scales
10
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that are larger than the Jeans length can grow, but as we showed here, the Jeans
length in a radiation dominated universe exceeds the Hubble radius. This suggests
that density perturbations cannot grow in a radiation dominated universe.
It is worth pointing out that after decoupling, the speed of sound in matter is
dramatically reduced and therefore the Jeans length also. From the Maxwell velocity
distribution we know that
r

vs ≈

3kT
,
m

(41)

which, if evaluated for T ≈ 1100 K gives much lower sound speeds. At this point,
perturbations can start to grow on almost all scales.

4.3

Baryon Acoustic Oscillations

Given our discussion of density fluctuations that we want obtain a qualitative understanding of the so-called baryon acoustic oscillations. Figure 4 shows a progression
of diagrams that indicate time-development of primordial plasma which is composed
of photons and baryons (ignore dark matter). The primordial plasma is completely
uniform, except for a single overdensity at the origin (a). High pressure drives the
gas outwards (both baryons and photons) (b). The gas is moving at the speed of
√
sound in the plasma, corresponding to c/ 3. This coordinated expansion continues
for about 10,000 years or until the epoch of matter-radiation equality.
At this point, the gas has cooled enough that some of the protons and electron
have begun to combine to form hydrogen — the baryons are starting to decouple
from the photons. As a result, fewer photons interact with baryons and the speed
of sound in the plasma falls down (c). The baryon peak starts to stall. This process
11
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continues for some time; the photons continue to stream away while the baryons
come to a halt (d). The photons gradually smooth out and become uniform while
some of the baryons clump in a ring of overdensity (e). This “echo” of plasma
slowly washes out as more and more baryons fall to the center of the gravitational
well at the origin (f).
This phenomenon, referred to as baryon acoustic oscillations is studied through a
range of cosmological observations (see Lecture 14). Those observations show that
there’s a bump in the 2-point correlation function of density contrast, hδ(x1 )δ(x2 )i,
at comoving length scales that correspond to about 150 Mpc scales. This slight
bump in the density contrast corresponds to an “echo” in the primordial plasma!
Figure 5, which was already discussed in Lecture 10, shows a series of bumps and
wiggles. It turns out that these wiggles are another manifestation of the acoustic
oscillations. The first peak in the power spectrum of the CMB anisotropies corresponds to a multipole of ` = 180 or about a degree on the sky. Figure 6 might also
help you interpret the relation between acoustic oscillations and different comoving
length scales.
The coupling between baryons and photons together with gravitational infall and
pressure build up leads to oscillations. Those oscillations are then locked in the
power spectrum of the CMB when the universe cooled below 3,000 K (recombination). The first peak in the CMB 2-point correlation function corresponds to
the maximum distance that the wavefront could have traversed until recombina√
tion given the speed of sound of vs = c/ 3, this is known as the sound horizon.
Because of the tug of war between pressure and gravitional infall, the distance
12
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scale corresponds to a velocity null in the plasma (the plasma is just about to turn
around).
By precisely measuring the angular scale corresponding to the first peak in the CMB
power spectrum as well as the successive oscillation peaks, we are able to pin the
geometry of the universe. This is possible because the angular scale corresponding
to the sound horizon at redshift z = 1090 depends on the geometry of the universe.
We measure a peak in the CMB angular power spectrum corresponding to ` = 180.
This corresponds to about ∆θ(zrc ) = 1 deg. By comparing this to the definition of
angular distance we find
∆θ(zrc ) =

D
1
≈
.
dA
dA H(zrc )

(42)

Finally, we note that by measuring the relative amplitude of successive peaks we
can constrain the energy densities of baryons and dark matter.

13
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Figure 4: Baryon acoustic oscillations. a) Single perturbation, baryons and photons are coupled.
b) Photons and baryons move outwards together due to pressure. c) This expansion continues for
10,000 years. d) Matter-radiation equality, hydrogen starts to form. e) Photons almost uniform,
baryons start falling into potential well. f) Final configuration with baryons in a potential well plus
some “echo” at 150 Mpc radius. Adapted from Martin White.
14

Cosmology & Particle astrophysics I, FK7007

Lecture 12

Figure 5: Accoustic oscillations are visible in the 2-point correlation of the cosmic microwave background (CMB). The Sachs-Wolfe effect (Lecture 10) contributes to the CMB power spectrum at
angular scales that are larger than the sound horizon at recombination (` ≈ 200)

4.4

Power spectra

The idea is that we have quantum mechanical fluctuations that stretch quantum
mechanical oscillations to macroscopic scales. Then, cosmic fluids (baryons and
dark matter) fall into these quantum mechanical overdensities, but photon pressure
which couples to charged particles (baryons) resists infall and compression.
According to models falling within the inflationary paradigm, the primordial density
contrast, ρ(x) is assumed to be a Gaussian random field. We can define
σ 2 = δ(x)2

15
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Figure 6: Plane waves with different wavelengths in relation to the shock wave at the time of
recombination.

and the 2-point correlation function (autocorrelation) ξ(|x2 − x1 |) ≡ ξ(x) as
ξ(x) =

1
hδ(x2 )δ(x1 )i .
σ2

(44)

Assuming modes are set up through a random process, we can assume that all of
the Fourier modes, δ(k), oscillate independently of one another which lead to
hδ ∗ (k)δ(k)i = (2π)3 δ 3 (k − k0 )P (k).

(45)

The function P (k) is the power spectrum of the fluctuations. It determines the
initial conditions of different oscillation modes. This is a good time to quickly
review our discussion of 2-point correlation functions from Lecture 10. Assuming
homogenity and isotropy, we justify writing ξ(|x2 − x1 |) ≡ ξ(x).
It turns out that most models of inflation predict a power spectrum that is described
by a power law
Pi (k) ∝ k ns −1 .

(46)

For ns > 1 we would have significantly more power for large wavenumbers, corresponding to small wavelenghts (distance scales), this would be referred as a blue
16
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tilt in the spectrum. The converse case, ns < 1, suggests that there is more power
on large comoving distance scales, this would be referred to as a red spectrum.
A scale-indipendant power spectrum is characterized by ns ≈ 1, i.e., there’s equal
amount of power on all length scales. It turns out, that the simplest constituents
of the inflationary paradigm predict ns . 1. By measuring the 2-point correlation
function of the cosmic microwave background, we have been able to constrain
ns = 0.968 ± 0.006 [9]. Remarkably, the simplest constituents of inflation predict
ns = 1 − 6 + 2η, where  and η are the slow-roll parameters that we described in
Lecture 11.
Measurements of the cosmic micrwave background constrain the power spectrum
of matter fluctuations at the last scattering surface (LSS). Given time-dependent
nature of structure formation, we have to make mapping corrections between the
LSS power spectrum and the primordial power spectrum. This is done by using
numerical simulations to estimate T (k) where
P (k) = T 2 (k)Pi (k),

(47)

and P (k) is extracted from the 2-point correlation function of CMB temperature
anisotropies.

4.5

Gaussianity

The fundamental quantity discussed in this section is the density contrast
δ≡

ρ(t, x) − ρ0 (t)
.
ρ0 (t)

17
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Standard models for inflation predict that the density contrast is drawn from a
random Gaussian field, in other words that
P (δ)dδ = √

1
2
2
e−δ /(2σ ) dδ
2πσ

(49)

However, it there is no fundamental physical principle that says that these fluctuations have to be Gaussian. In recent decades, tests of deviations from Gaussianity
have started to become popular in cosmology.
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