Lecture 11

FK5024: Particle and Nuclear Physics,
Astrophysics and Cosmology
PART III: Astrophysics and Cosmology
Jon E. Gudmundsson1
jon@fysik.su.se
The third part of this course is meant to provide a very brief introduction to basic
astrophysics and cosmology. The coursebook for this part is Andrew R. Liddle’s An
Introduction to Cosmology (3rd edition), although the first lecture also references
material in Martin’s Nuclear and particle physics (2nd edition).2 The lecture notes
will cover the topics that are most important for this course. These lecture notes
are largely based on the notes passed on from Prof. Lars Bergström and Prof. Jan
Conrad who taught this class in 2018. Also, a signification fraction of the below
lecture notes represent abbreviated versions of the textbook discussion.
This lecture should to be complemented by M2.1-M2.3, M8.1, M8.2, M9.1.4
(only the neutrino astrophysics part), and chapter 12 of Liddle (L12). Note
that M2.3, M8.1, M8.2, and M9.1.4 in version 2 of Martin’s textbook correspond to M2.1-M2.3, M9.1, M9.2, and M10.5.1 (only the neutrino astrophysics part) in the 3rd version of the textbook. Also note that for chapters
M2.1-M2.3, the topics that are reviewed in these lecture are included.

1

Short (and simplified) introduction

The standard cosmological model assumes a Big Bang (some kind of beginning)
and a mechanism that facilitates rapid expansion and cooling of space followed
by basic element production (hydrogen and helium). Random over-densities in a
primordial matter distribution cause gravitational in-fall and matter accumulation
in certain locations of space that eventually leads to star formation. Some of these
stars are short-lived (the massive ones) and eventually die in a supernova explosion.
1

http://jon.fysik.su.se
A 3rd edition of Martin’s textbook exists, but we are basing our lectures on the 2nd edition. For those that only
have access to 3rd edition, please reach out to me if you can’t find the equivalent sections in your book.
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Figure 1: The abundance of elements in the sun plotted as a function of atomic number. Upper
limits denoted with a ’V’. Figure taken from Observation and Analysis of Stellar Photospheres by
David F. Gray [1].

These explosions are responsible for expelling heavy nuclear elements that are a key
ingredient for things like rocky planets and the evolution of life.

2

The stars and our sun

There are ways (absorption spectrometry) to measure the chemical composition
of the sun. Figure 1 shows how such measurements can be used to estimate the
fractional abundance of elements in the sun. Things to note:
• Clearly hydrogen and helium make up most of the sun’s mass
• Note the lack of lithium, beryllium, and boron
• The abundance of elements appears to follow an alternating pattern
• There is a gradual decline in abundances as we move to heavier elements
It is particularly important that we understand the origin this odd-even pattern (the
Otto-Harkins rule).
2
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Note. At this point it might be useful to review the semi-empirical mass
formula (SEMF). This material is covered in Lectures 6, 7, and 8.

3

Quick thermodynamics recap

A collection of point particles in thermal equilibrium at some temperature T will have
an average kinetic energy that is proportional to the temperature. The constant
that relates the gas temperature to the kinetic energy is known as the Boltmann
constant kB = 1.381 ⇥ 10 23 J/K = 8.617 ⇥ 10 5 eV/K. The relation is:
3
1
kB T = mv 2 .
2
2

(1)

Point particles can have velocity components along three independent (mutually
orthogonal) directions; they have three degrees of freedom. The average energy
per degree of freedom is 12 kB T .
Note. For those that are interested, the derivation for a Maxwell-Boltzmann
velocity distribution is incredibly clear and easy to follow. With the equations
that govern likelihood of a certain velocity given a mass and a temperature,
you can calculate the likelihood of a finding a particle above a certain velocity.

4

The Coulomb barrier

The Coulomb barrier is the energy required to bring two nuclei close enough together
to undergo a nuclear reaction (to fuse). Figure 2 shows the binding energy as a
function of atomic mass number, A.
1 ZZ 0 e2
VC =
4⇡✏0 R + R0
✓
◆
e2
h̄cZZ 0
=
4⇡✏0h̄c 1.2[A1/3 + (A0 )1/3 ] fm
ZZ 0
= 1.198 1/3
MeV
A + (A0 )1/3

(2)

We can for example assume that A ⇡ A0 ⇡ 2Z ⇡ 2Z 0 and get
VC ⇡ 0.15A5/3 MeV.
3

(3)
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Figure 2: Binding energy per nucleon as a function of mass number A for stable and long-lived
nuclei. See Figure 2.2 in Martin’s textbook.

If we assume that A ⇡ 8 (beryllium) we get VC ⇡ 4.8 MeV. This is the energy
that has to be supplied, for example via kinetic energy, to overcome the Coulomb
barrier. It turns out, however, that it is difficult to supply this amount of energy
by simply colliding streams of nuclei together at high velocities. Instead, the trick
is to provide the conditions for overcoming by this barrier via thermal energy; by
heating a collection of nuclei. We can do a rough estimate by using standard
thermodynamics relation
E ' kT,
(4)
where k is the Boltzmann constant, given by kB = 8.6⇥10 5 eVK 1 . Unfortunately,
for this to be realistic we would need to raise the temperature of our nuclear matter
up to approximately 1011 K. For comparison, the temperature at the core of the
sun is thought to be about 2 ⇥ 106 K. This is obviously not enough.

How is it then that we can have nuclear fusion inside stars? Part of the solution
is the following: A thermalized soup of nuclei will have a (relatively) small number
of nuclei that deviate significantly from the mean of the energy distribution. These
energetic nuclei pairs will have enough energy to fuse and create a bound system.
The other part of the solution is related to quantum tunneling (see extended discussion in M.7 and M8.2).

4
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Stellar fusion [M. 8.2.2]

The stars in the universe are powered by the fusion of hydrogen atoms to form
helium along with heat as byproduct. In the case of our sun, the most significant
process is known as the proton-proton cycle.

5.1

Proton-proton cycle

There are di↵erence variations of this process, but the following is dominant. The
process roughly goes as follows:
The first step is the fusion of two hydrogen nuclei to produce deuterium via the
weak interaction:
1

H + 1 H ! 2 H + e+ + ⌫e + 0.42 MeV

(5)

Since this is a weak interaction it proceeds at a relatively slow rate.3 The deuterium
then combines with another hydrogen nucleus to produce 3 He:
1

H + 2 H ! 3 He +

+ 5.49 MeV.

(6)

Finally, two deuterium nuclei combine to form hydrogen and leftover helium nuclei
along with heat.
3

He + 3 He ! 4 He + 2(1 H) + 12.86 MeV.

(7)

The amount of heat that is released through this process is large because the helium
nucleus is very tightly bound (doubly magical). If we combine all of these processes
together we are left with the following:
4(1 H) ! 4 He + 2e+ + 2⌫e + 2 + 24.68 MeV.

(8)

The positrons produced in this process are then annihilated in a collisions with
electrons to release 2⇥511keV. If we account for kinetic energy loss from neutrinos
(about 0.26 MeV on average per neutrino), the total energy released in the protonproton cycle amounts to about 26.72 MeV.
It is important to note that the temperature in the sun’s core, where this process
is taking place, is TCore ⇡ 107 K. At these temperatures all material is fully ionized
(plasma).
3

This sets the scale for the long lifetime of the Sun.
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Figure 3: Left: The proton-proton cycle. Right: The CNO cycle. Figures from Wikipedia.4

5.2

CNO chain

The carbon, or the CNO chain is an important process in many stellar objects. It
was once thought that the CNO chain was the primary source of energy, but it has
been now shown that it corresponds to only about 3% of the total energy output
of the sun. For more massive stars, the CNO cycle is actually the primary source
of energy.
12

C + 1H !
13
N!
13

14

13

N + + 1.95 MeV
13
C + e+ + ⌫e + 1.20 MeV

C + 1H !

N + 1H !
15
O!

14

N+

+ 7.55 MeV

(9)
(10)

15

O + + 7.34 MeV
15
N + e+ + ⌫e + 1.68 MeV

(11)

Finally,
15

N + 1H !

12

C +4 He + 4.96 MeV

(12)

The net result of this process is therefore
4(1 H) ! 4 He + 2e+ + 2⌫e + 3 + 24.68 MeV.
4

See https://en.wikipedia.org/wiki/CNO cycle
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Question: What happens when the sun runs of out hydrogen? How does helium
burn?

5.3

Age of the sun

Assuming that the sun luminosity is L = 3.8 ⇥ 1026 W. We can estimate that
dNp
= L /6.5 MeV ⇡ 3.6 ⇥ 1038 s
dt

1

(14)

The sun’s mass is approximately M = 1.99 ⇥ 1030 kg and about 75% of the sun’s
mass is in the form of hydrogen. This suggests that Np ⇡ 8.9 ⇥ 1056 . It should
therefore take the sun about
Np /(dNp /dt) ⇡ 2.4 ⇥ 1018 s ⇡ 8 ⇥ 1010 years

(15)

to convert all of its hydrogen into helium. A more accurate estimate suggests that
our sun should live for about 10 billion years (1010 ).

6

White dwarfs, neutron stars, and supernovae

This section expands on discussion found in Section 9.1.4 in Martin’s textbook
Main sequence stars owe their name to the fact that their luminosity vs color relation
follows a distinct curve. This group of stars incorporates the majority of stars in
the universe, including our sun.
White dwarfs and neutron stars represent two end-stages for main sequence stars.
White dwarfs are held together by electron degeneracy pressure whereas neutron
stars are supported by neutron degeneracy pressure. Neutron stars are the most
dense known stellar objects, with the exception of black holes. Their formation is
accompanied with a supernova explosion event which includes a process whereby
electrons and protons are squashed together to form neutrons. The Pauli exclusion
principle forces these neutrons to occupy di↵erent quantum states and therefore
acts like a pressure term that resists further contraction.
White dwarfs are thought to represent the final evolutionary state of the majority
of main sequence stars, including that of our sun.

7
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White dwarfs and Pauli’s exclusion principle (optional)

It is interesting to look at the approximate equations governing the radius of white
dwarfs. The Heisenberg uncertainty principle states that
x p

(16)

h̄.

Under immense pressures, each electron is forced to stay within a volume V ⇠ ne 1 .
We can therefore assume that the location of each electron is known to within x ⇠
1/3
V 1/3 ⇠ ne . The uncertainty in the electron momentum is therefore
p⇠

h̄
⇠ h̄n1/3
e .
x

(17)

Assuming that the electrons are nonrelativistic, we can write
1/3

p h̄ne
v=
⇠
.
me
me

(18)

Thanks to the Heisenberg uncertainty principle, the electrons in a tightly packed
1/3
object are moving at speeds ve / ne and this relation is independent of temperature. We know from thermodynamics, that for a standard thermal picture, the
electrons are moving at speeds
✓ ◆1/2
kT
vth ⇠
,
(19)
me
and similarly, the pressure from the thermal motion of these electrons is
2
Pth = ne kT ⇠ ne me vth
.

By analogy, the ”Heisenberg speeds” contribute a degeneracy pressure
!
1/3 2
5/3
h̄ne
2 ne
2
Pdegen ⇠ ne me ( v) ⇠ ne me
⇠ h̄
me
me

(20)

(21)

For any object in hydrostatic equilibrium, the pressure at the center is
GM 2
Pc ⇠
.
R4

(22)

Assuming this pressure is provided by electron degeneracy pressure, we find that
Pc ⇠ h̄

5/3
2 ne

me

⇠ h̄

2

⇢5/3
5/3
mp me

8

⇠

h̄2

M 5/3
5
5/3
mp me R

(23)
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Combining this last result with Eqation 22 we find that
M2
h̄2 M 5/3
G 4 ⇠ 5/3
5
R
mp me R
which gives
h̄2
R⇠
Gme m2p

✓

M
mp

◆

(24)

1/3

.

(25)

Somewhat surprisingly, the size of a white dwarf goes down as you increase its mass.
Obviously, the above derivation made many simplifying assumptions, but the rough
result is still valid. The more accurate derivation was Chandrasekhar and others.

6.2

Neutron stars

If the mass of a star exceeds the Chandrasekhar limit, M > 1.4M , it will evolve
to become a neutron star or a black hole. In the case of very massive stars, the run
of events can look something like the following:
1. Stars with mass greater than about 11 solar masses (M ) can evolve through
all stages of fusion ending in a core of iron surrounded by shells of lighter
elements
2. Thermonuclear fusion of iron is not possible and therefore the core will contract
under gravity
3. Initially this process is resisted by electron degeneracy pressure, but if the
mass of the core exceeds M = 1.4 M (the Chandrasekhar limit) the electrons
are unable to support the core and a collapse within an explosion becomes
inevitable
4. We subsequently have photodisintegration of iron and other nuclei followed
photodisintegration of helium into protons and neutrons
The photodisintegration of iron can be described by,
+ 56 Fe ! 13(4 He) + 4n,

(26)

followed by further splitting of the helium nuclei into protons and neutrons.
+ 4 He ! 2p + 2n.
9
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Figure 4: A table of elements with color coding corresponding to the mechanism responsible for the
element abundance. Figure created by Jennifer Johnson (from A Chemical History of the Universe).
Note that this figure is e↵ectively being updated constantly as new data are gathered.

As this process continues, eventually the electrons have enough energy to faciliate
a weak interaction whereby electrons and protons fuse to form neutrons
e + p ! n + ⌫e .

(28)

The gravitational collapse stops abruptly when the neutron degeneracy pressure
counters the gravitational pressure. This generates a core-collapse shock wave that
expels matter, radiation, and neutrinos.
It turns out, that the majority (99%) of energy radiated away from a core-collapse
supernova is in the form of neutrinos because of their low scattering cross section.
When all of this is done, most of the mass of the star is in the form of neutrons.
A typical neutron star could have the following properties:
• Mass: M ⇡ 1.5 M
• Radius: R ⇡ 10 km
• Density: ⇢ ⇡ 1014 g/cm3
Note. A lot is still unknown about the physics that are in play during the
formation of a neutron stars and there are lot of active research groups
working on generating more accurate numerical simulations of events leading
10
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up to the formation of a neutron star. One group is lead by Stephan Rosswog
here at Stockholm University.

6.3

Supernovae

A sufficiently massive star will end its life cycle in an explosion referred to as a
supernova event. There are di↵erent types of supernovae and these are characterized
by the time evolution of their spectrum and the events leading up to the explosion.
Some supernovae happen when white dwarfs are reignited by the accumulation of
matter, for example from a binary companion. Others simply happen when a very
massive star ends it life (see description in 6.2).
It is estimated that roughly 1-3 stars in our own Galaxy end with supernovae explosions per century. We only see a fraction of those because occlusion from other
stellar objects in our Galaxy.
A particularly useful group of supernovae are known as type Ia supernovae. These
types of supernovae are generated when a white dwarf is reignited by the accumulation of matter, typically from a companion star. Because of the mass limit for
electron degeneracy pressure to be able to prevent further gravitational collapse is
fixed, roughly M = 1.4M , the critical mass is fixed and therefore the peak luminosity of the explosion is quite consistent between events. This suggests that the
type Ia supernovae can serve as standard candles throughout the universe. We will
discuss that further in subsequent lectures.

7

Kamiokande, Amanda, and IceCube (Optional)

Famously, the Kamiokande and IMB experiments measured a stream of neutrinos
in their water Cherenkov detectors in 1987.5 This signal was then used to constrain
the mass of the neutrinos (see discussion in Liddle 9.1.4). The 2002 Nobel prize
in physics was in part awarded for the work leading to the detection of cosmic
neutrinos.
We estimate roughly 1-3 supernova events per century in our galaxy. We expect
that such a supernova event will register in experiments like Super-Kamiokande
(see Figure 5). Within seconds of this happening, such experimental collaborations
hope to be able to send alarms to other astrophysical observatories. The data
5

These neutrinos are thought to have come from SN1987A

11
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Figure 5: Super-Kamiokande experiment is an underground detector filled with ultra-pure water
(50,000 tons) that is surrounded by photomultiplier tubes. The detector is placed 1 km underground
to shield from unwanted radiation signal.

from modern-day observations of a nearby supernova would likely revolutionize our
understanding of various physical processes. The 2015 Nobel prize in physics was
awarded in recognition of Super-Kamiokande measurements of neutrino oscillations.
The IceCube Neutrino Observatory is a large scientific experiment placed at the
South Pole. It uses thousands of photomultiplier tubes mounted on vertical strings
that penetrate km-deep boreholes in the Antarctica ice sheet. The idea is that highenergy neutrinos will occasionally interact with water molecules in the ice creating
a stream of charged particles that emit Cherenkov radiation. The predecessor to
the IceCube experiment was the Amanda experiment.
Note. The IceCube experiment has significant contributions from Stockholm
University. If you are interested in the science that they do, you should reach
out to people like Chad Finley and Klas Hultqvist.a
a

8

See https://www.su.se/profiles/klas-1.186617 and https://www.su.se/profiles/cfinl-1.187008

Black holes

If the mass of a stellar object becomes sufficiently large, even the neutron degeneracy
pressure will not be able to resist gravitational collapse. The star becomes a black
hole.

12
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Big bang nucleosynthesis

Big bang nucleosynthesis (BBN) is a concept that is commonly brought up in both
astrophysical and cosmological context. It describes the physics of element production during the early stages in the history of our universe. For those who are
interested, Steven Weinberg wrote a famous book called The First Three Minutes [2].
Chapter 12 in Liddle discusses light element production, in particular hydrogen and
helium, during the first few minutes in the history of our big bang cosmological
model. Some concepts to take away from this chapter include:
• BBN is responsible for the production of hydrogen, helium, deuterium, and
even lithium; there is a primordial abundance that we can measure today
• Nucleosynthesis is happening at temperatures corresponding to 1 MeV
• Nucleosynthesis happens during the first few minutes in the history of our
universe
• At the end of this process, we are left with approximately 75% hydrogen, and
25% helium
• A tiny mass fraction in the form of deuterium, helium-3, and lithium (lithium-6
and lithium-7 are both stable)
If we consider a time-period where the universe has cooled sufficiently rapidly so that
protons and neutrons are non-relativistic, but before nuclei have formed. Assuming
protons and neutrons are non-relativistic and in thermal equilibrium it is safe to
assume that they follow the Maxwell-Boltzmann distribution. In that case, the
number density is given by
✓
◆
2
mc
N / m3/2 exp
.
(29)
kB T
The particles are in thermal equilibrium (at the same temperature) and we can
therefore write
✓ ◆3//2

Nn
mn
(mn mp )c2
=
exp
.
(30)
Np
mp
kB T
Since the mass of protons and neutrons are very similar we note that the number
of neutrons and protons will be quite similar in the primordial plasma as long as
kB T
(mn mp )c2 .
13
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Neutrons and protons are coupled through the following conversion process
n + ⌫e
n + e+

!p+e ,
! p + ⌫¯e .

(31)
(32)

As long as these processes continue at a sufficient rate, the two particles remain
in thermal equilibrium. We find that the reaction rate is high as long as kB T '
0.8 MeV (T ' 1010 K), but eventually this process dies down and the relative
number density of neutrons versus protons is
✓
◆
Nn
1.3 MeV
1
' exp
' .
(33)
Np
0.8 MeV
5
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FK5024: Particle and Nuclear Physics,
Astrophysics and Cosmology
PART III: Astrophysics and Cosmology
Jon E. Gudmundsson1
jon@fysik.su.se
Lecture 11 focused on some astrophysical connections to nuclear and particle physics.
In the next few lectures, we will discuss basic concepts in astrophysics and cosmology. The coursebook for this part is Andrew R. Liddle’s An Introduction to
Cosmology (2nd edition). If you are interested in learning more about this stu↵,
definitely take a look at courses such as FK7050, FK8025, AS5005, and AS7003.
This lecture should be supplemented by Liddle: 1-2, 5.1-5.2, 6.1, 3.1-3.3, 3.6

1

Distances Measurements

It is fair to assume that a lot of people have looked up at the night sky and wondered
about the stars. How far away are they? One way to estimate the distance to the
stars is to make use of parallax angles. This approach relies on a basic observation
about the sun-earth relationship: we are revolving around the sun in a roughly
circular orbit. The distance to the sun has been known for quite some time. We
can state that r = 1.496 ⇥ 1011 m (approximately 8 light minutes).
Figure 1 shows setup for distance measurement via parallax angle. The distance
to a nearby star is D, the parallax angle is p, and the sun-earth distance is r. For
small angles we can write
r
r
sin(p) ⇡ p =
) D= .
(1)
D
p
We find that some stars on the night-sky appear to move significantly over half a
year, while other remain fixed. The stars that seem to move with respect to the
fixed background are therefore closer to us than the rest.
1
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Figure 1: Representation of parallax angle to a distant object enabled by the non-negligible diameter
of Earth’s orbit (compared to the distance to the source). Parallax angles are only useful for
determining distances to stars in our own galaxy.

Recently, the European Space Agency launched a satellite mission that mapped
stars in our Galaxy using exactly this approach. The satellite mission, Gaia, has an
angular resolution of approximately 0.06 arcsec and uses a novel astrometry method
that allows it to measure distances to roughly 20 million star with 1% accuracy.
For objects outside our own galaxy, the parallax angle becomes too small and we
have to resort to di↵erent methods. One of this relies on so-called standard candles
(see e.g. discussion about supernovas in future lectures).
Definition:
1 pc (parsec) is the distance which gives p = 1 arcsec
1 deg = ⇡/180 rad, 1 arcmin = 1/60 deg, 1 arcsec = 1/60 arcmin,
) 1 arcsec = ⇡/180/3600 rad ⇡ 4.85 ⇥ 10 6 rad
Question: What is 1 pc in SI units (m)?
Answer:
d 1.496 ⇥ 1011
D= =
= 3.09 ⇥ 1016 m
6
p
4.85 ⇥ 10
= 3.26 light-year

2

(2)
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Figure 2: Airy pattern describing plane wave di↵raction from a circular aperture with diameter a.

2

Angular resolution

It is important to understand how the properties of our telescopes impact angular
resolution. We observe the universe using telescopes that couple light to detector
elements of various shapes and sizes. The properties of these detector elements are
tuned so that the devices are sensitive to the frequency range (wavelength) that we
want to study. However, there is one fundamental rule that applies to all telescopes.
This rule sets a fundamental limit to the angular resolution of our telescopes.
Di↵raction around a circular aperture is a concept that is discussed in most introductory physics textbooks. The pattern that emerges if you shine a circular aperture
with a plane wave and then look at the di↵raction pattern on a screen placed some
distance away from the aperture is called an Airy pattern.2
A plane wave illuminating a circular aperture of diameter d will generate a di↵raction
pattern. This di↵raction pattern is particularly strong if the dimensions of the
circular aperture is similar in size to the wavelength of the incident electromagnetic
radiation.
Figure 2 shows the so-called Airy pattern which is described by

2J1 (kd sin(✓))
I(✓) = I(0)
,
kd sin(✓)

(3)

where J1 (✓) is the Bessel function of the first kind and of order one, and k = 2⇡/
2

This experiment is often a part of introductory physics lab courses using lasers.

3
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is the wavenumber. The relation between the first null of the di↵raction pattern and
the wavelength and dimensions of the aperture is known as the Rayleigh criterion
sin(✓) = 1.22 /d.

(4)

Using this equation, you can calculate the angular resolution of a telescope if you
know the telescope’s diameter and observing wavelength.

3

Luminosity and magnitudes

The photosphere of the sun is at roughly 5780 K. The radius of the sun is R =
6.96 ⇥ 108 m. According to the Stefan-Boltzmann law, the luminosity of the sun is
found to be
L = 4⇡R2 ⇥ SB T 4 = 3.8 ⇥ 1026 W.
(5)
The flux, defined as the power per unit area, is therefore
F =

L
⇡ 1350 W/m2
2
4⇡r

(6)

Note. Compare this number with the expected output of a 1 m2 solar panel.
Astronomers tend to use magnitudes to describe the brightness of objects on the
sky. The definition of apparent magnitude is
✓
◆
F
m = 2.5 log10
+ const.
(7)
1W/m2
This approach to measuring brightness has some nice features. For example, we
know that for Vega, a star that is 25 light-years away, we have F /Fvega = 5⇥ 1010 .
From this we find that
✓ ◆
F
m
mV = 2.5 log10
= 2.5 ⇥ 10.7 = 26.7.
(8)
FV
The relative magnitude of the sun compared to Vega is V = -26.7.
Note. Relative magnitude is typically quoted for a particular frequency band
or a filter which determines the sensitivity of your detector element as a
function of frequency. Typical optical cameras that are used in astronomy
have a relatively wide frequency sensitivity which is then truncated by the
4
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Figure 3: A typical cepheid light curve similar to the ones that Leavitt measured. The graph shows
apparent magnitude as a function of time.

use of specifically designed filters. If you are into optical astronomy, you may
have heard about U, B, V, R, I filters.
Relative scales in astronomy are useful because absolute measurements are complicated by things like the Earth’s atmosphere (which can change depending on the
time and frequency). We can observe objects on the sky over a wide range. For
example, the Hubble space telescope is able to observe objects down to an apparent
magnitude of about +30.
We can also define an absolute magnitude scale. This number represents the intrinsic luminosity of an object and it is therefore harder to measure. We can define the
absolute magnitude as the magnitude exactly 10 pc away from the object (normally
star). Then
✓
◆
✓
◆
FX
(10 pc)2
mX M = 2.5 log10
= 2.5 log10
,
(9)
2
FM
rX
which implies that
mX

M=

2 ⇥ 2.5 log10

✓

10 pc
rX

◆

= 5 log10

✓

◆
rx
.
10 pc

(10)

The absolute magnitude goes up by +5 when you increase the distance to the object
by a factor of 10.
We can use these definitions to characterize the brightness of astrophysical objects
with time. Henrietta Leavitt worked on cataloging optical measurements at the
turn of the 20th century. She made a remarkable discovery when she noted a class
5
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Figure 4: Leavitt’s law. A relation between the luminosity of cepheid variables and their period.

of pulsating stars, now referred to as ”cepheids”, that varied by 1-2 in relative
magnitude over a period of a few days in a very repeatable manner (see Figure 3).3
Leavitt cataloged over 1500 variable stars in the Magellanic Clouds and discovered
that brighter Cepheids take a longer time to vary (the oscillation period is longer).4
This fact is now partially used to calibrate the distance scale of our universe (see
future lectures).
When combining data on multiple cepheids, we see a clear relation between their
luminosity and the period of oscillation (see Figure 4).

4

The Hubble-Lemaitre law

The Hubble-Lemaitre law describes an apparent increase in recession velocity with
distance.5 Simply put, the Hubble law is
v = Hd

(11)

where v is the recessional velocity, d is the proper distance to a particular galaxy (or
distant object), and H is some constant typically expressed in units of km/s/Mpc.
The measurements of Hubble and others showed that galaxies were predominantly
receding away from us (the Milky Way) and that the velocity had a tendency to
increase with distance. Figure 5 shows a famous graph published by Hubble in
1929 that roughly demonstrates this relationship. Hubble’s early estimate put the
constant at H0 = 500km/s/Mpc. This has now been shown to be an overestimate,
3

Cepheids are named after the star -Cephei in the constellation of the Cepheus.
The Magellanic clouds are dwarf satellite galaxies to our Milky way galaxy, roughly about 150,000 light years
away from the Earth.
5
Most people still refer to this as simply the Hubble law, but the International Astronomical Union (IAU) recently
voted to change the name to acknowledge Lemaitre’s role in the formulation of a cosmological model that incorporate
an expanding universe.
4
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Figure 5: Graph published in a paper by Edwin Hubble in 1929 showing the velocity-distance relation
for a few galaxies.

the more accurate value is closer to H0 = 70 km/s/Mpc. Before we talk further
about the Hubble law, let’s introduce the concept of redshift.
The astrophysical redshift is a crucially important quantity in cosmology. Redshift
is simply Doppler shifting of light, which on cosmological scales always leads to an
increase in the wavelength of incoming radiation. The relativistic Doppler e↵ect is:
⇣
v⌘
obs
=1+z =
1+
,
(12)
c
emit
where

is the so-called Lorentz boost factor
!
r
v2
=
1
c2

1

(13)

The redshift is

v
⇡ .
c
lab
lab
For small velocities (compared to the speed of light), we can simply write:
z=

obs

lab

=

(14)

v = cz,

(15)

where c is the speed of light in vacuum (roughly 2.998 ⇥ 108 m/s). Spectroscopy
allows to characterize and classify nearby stars. As we look at far-away objects, we
notice that spectral fingerprints are shifted in wavelength space.

7
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Figure 6: The balloon analogy for Hubble expansion. To some extent, gravitationally bound systems
are independent to the expansion of space. The comoving distance between clusters of galaxies
remains constant while the physical distance changes with the scale factor.

5

Some cosmological principles

Definitions: The cosmological principle states that we, as observers of the universe,
do not have the benefit of a privileged vantage point. This implies on large enough
scales, the properties of the universe are the same for all observers. This relates to
the concepts of homogeneity and isotropy:
Homogeneity: The universe looks the same at each point.
Isotropy: The universe looks the same in every direction.
Modern sky surveys suggest that our local universe is isotropic and homogenous
over the largest scales that we can ob server and we assume that this is a property
of the universe as a whole.
Note. The popular literature contains a wealth of publications with brilliant
descriptions of the early days of cosmology [1–4]. As astronomical observatories accumulated data, it became clear that the universe contained a large
number of galaxies similar to our own. So far, nothing suggests our own
galaxy is much di↵erent from the estimated hundreds of billions of galaxies
in the observable universe. Similarly, our location in the Milky Way, our
own galaxy, seems arbitrary. This gives some credence to the Copernican
principle.

8
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In a universe that is expanding, it is helpful to introduce the concept that relates
physical distances at any point in time to distances at a fixed reference time. We
can write
r(t) = a(t)
(16)
where r(t) is the physical distance at time t, a(t) is a dimensionless scaling factor
that represents the expansion of space with time, and is the so-called comoving
distance which remains constant while space expands. The scale factor is a crucial
concept in cosmology.
Assuming an isotropic expansion of space we can write the velocity of recession as
v = dr/dt.

(17)

Since the expansion is along r, we can write
|ṙ|
ȧ
v=
r = r,
(18)
|r|
a
where we used the fact that r = a (the scale factor is driving the expansion). This
is the Hubble law
v = Hr,
(19)
where we see that
ȧ
H= .
(20)
a
The value that we measure today is denoted with the subscript ”0” and we write
H0 = 70 km/s/Mpc.
Let’s assume that two galaxies were really close together at some point in the past
(dpast ⌧ d). Then, assuming a universe that expands at a constant rate H0 , we
can ask: At what time, t, did dpast ! 0? The answer to that question is simply
d
d
1
t=
=
=
.
(21)
vr
H0 d H0
Notice that this answer is independent of the present separation d. This suggests
that at some time in the past, all galaxy pairs were close to each other. If we
assume that H0 = 70km/s/Mpc we will find that 1/H0 = 13.97 billion years.

6

Blackbody Radiation

The Planck blackbody radiation formula plays a crucial role in cosmology
2hf 3
1
B(f, T ) = 2
[W/m2 /Hz/sr].
hf
c e kB T 1
9

(22)
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Figure 7: Blackbody spectrum of the cosmic microwave background as measured by a number
experiments [5]. Notice that a power law description of the spectral energy distribution fits the
measurements quite well at low frequencies (this is the Rayleigh-Jeans limit).

The equation describes the spectral radiance of a blackbody as a function of frequency and the temperature of the blackbody. The universe is permiated with
radiation that can be well characterized as that of a 2.7 K blackbody. This is the
so-called cosmic microwave background (CMB).
Photons are bosons and as such there is no Pauli exclusion principle that prevents
all photons from bunching in their lowest ground state. The occupation number
per mode N is given by the Planck function
1
N = hf
,
(23)
kB T
e
1
where kB = 1.381 ⇥ 10 23 J/K = 8.619 ⇥ 10 5 eV/K is the Boltzmann constant.
Note that photons can have two distinct polarizations states.
In the limit when hf ⌧ kB T we have exp(hf /kB T ) ⇡ 1+hf /kB T and Equation 22
reduces to
2kB T
(24)
B(⌫, T ) = 2 f 2 .
c
In this case, the spectral radiance of the blackbody is linearly dependent on temperature. This is the Rayleigh-Jeans limit of the Planck blackbody function.
10
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FK5024: Particle and Nuclear Physics,
Astrophysics and Cosmology
PART III: Astrophysics and Cosmology
Jon E. Gudmundsson1
jon@fysik.su.se
Lecture 12 introduced some fundamental concepts in cosmology. In this lecture
we will expand a bit on some of those concepts. In particular, we will focus on
Hubble expansion and role of the Friedmann in describing the time-evolution of the
Universe.
To be supplemented by Liddle: 3.4-3.5, 4 (skip 4.4-4.5), 5.3-5.5

1

Hubble expansion

The Universe is expanding. Galaxies tend to move away from us. Remembering the
notation from Lecture 12, we write:
r=a ,

(1)

where r is the physical distance, a is the scale factor, and is the comoving distance.
We can then write:
dr(t)
d
ȧ
v(t) =
= [a(t) ] = ȧ = r.
(2)
dt
dt
a
In this expression H(t) = ȧ/a is the Hubble parameter. Evaluated at the current
epoch, we write t = t0 ) H(t0 ) ⌘ H0 = ȧ(t0 )/a(t0 ). The Hubble constant H0 is
the Hubble parameter, H(t), evaluated at the current epoch t = t0 .
Observations suggest that
H0 ⇡ (70 ± 3) km/s/Mpc.

(3)

Other conventions include writing H0 ⌘ h · 100 km/s/Mpc, with h = 0.70 ± 0.03
(see formula sheet).
1
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The low-velocity limit of the relativistic Doppler equation gives
0
e

=1+

v
a(t0 )
=
=1+z
c
a(te )

(4)

where e and 0 are the wavelength of the radiation when it was emitted and when
it was observed, respectively. For objects that are relatively close to us, the scale
factor at the time of emission will be similar to a(t0 ). In that case, peculiar motion
of the emitting object relative to us becomes important. For very large cosmological
distances, z > 1, the approximations needed for the above expression start to break
down.
At this point, it might be helpful to review distance scales
•
•
•
•
•
•

Distance
Distance
Distance
Distance
Distance
Distance

to
to
to
to
to
to

sun: 4.84 ⇥ 10 12 Mpc
Alpha Centauri: 1.33 ⇥ 10 6 Mpc
center of Milky Way: 0.008 Mpc
Andromeda (M31): 0.778 Mpc
the Virgo galaxy cluster: 17 Mpc
the surface of last scattering (CMB): 13, 700 Mpc

Note that the Virgo Cluster is a cluster of about 1000-2000 galaxies. The cluster
appears to be at the centre of a larger supercluster, of which the Local Group (a
group of galaxies that includes the Milky Way) is a member.

2

Friedmann Equations from Newtonian Mechanics
The Friedmann equations describe the time-evolution of an
isotropic and homogenous universe that conforms to Einstein’s theory of general relativity.
It turns out that Newtonian physics can be used to derive
the Friedmann equations.2 Assuming a homogenous sphere
of density ⇢(t) and radius r(t), how will the velocity of a test
mass particle with mass m, evolve with time (see Figure 1)?
We can first note that the mass within a radius r is

Figure 1: Homogenous sphere.
2

M (t) =

This section is based on discussion in Liddle 3.1.

2

4⇡ 3
r (t)⇢(t).
3

(5)
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The potential energy of a test particle moving in this matter distribution is
V (T ) =

GM (t)m
+ const =
r(t)

4⇡G 2
r (t)⇢(t)m.
3

The kinetic energy of our test particle is
1
1
T (t) = mv 2 (t) = mṙ2 .
2
2
Combining the above with r(t) = a(t) and ṙ = ȧ we find:
1
U = T + V = mȧ2 2
" 2✓ ◆
2
ȧ
2 1
= m(a )
2 a

4⇡G 2 2
a ⇢(t)m,
3 #
4⇡G
⇢ .
3

(6)

(7)

(8)
(9)

Rearranging the above we get:
✓ ◆2
ȧ
8⇡G
2U
=
⇢(t) +
,
a
3
m(a )2
8⇡G
kc2
=
⇢(t)
.
(10)
3
a2
We define k ⌘ 2U/(mc2 2 ), which is a constant because energy is conserved and
the comoving distance is fixed. This is the so-called 1st Friedmann equation.
Note that k is constant with time. The Universe has a unique value for k which
is unchanged with time. Also note that a positive k implies a negative U . This
implies that the expansion of the Universe will sometime come to a halt and reverse
itself. Conversely, a negative value for k implies a positive value for U . In this case
the Universe will expand forever.
Note. The above derivation relies on the Shell theorem (which is related to
Birkho↵’s theorem) from classical mechanics, which states that a spherically
symmetric body a↵ects external objects gravitationally as if all of the mass
were concentrated at a point at its centre. This is also strongly related
to Gauss’s law for gravity which has a direct analogy to Gauss’s law in
electromagnetism.

3

Fluid equation

The 1st Friedmann equation in isolation lacks a bit of punch. We want to better
understand how the properties of di↵erent energy components (and their density,
3
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⇢(t)) influence their time evolution. This behaviour is encapsulated in the so-called
fluid equation. We can derive this equation from the 1st law of thermodynamics
dE + pdV = T dS,

(11)

where V now corresponds to an expanding volume of comoving radius. The above
equation is simply a statement of local energy conservation. Imagine that we are
observing gas confined to a sphere of unit comoving radius. The physical radius at
any time can be found from a and we can use E = mc2 to write
E=

4⇡ 3 2
a ⇢c .
3

(12)

Taking the total time derivative, we find that
dE
da 4⇡ d⇢
= 4⇡a2 ⇢c2 + a3 c2 ,
dt
dt
3 dt

(13)

and the volume rate of change is
dV
da
= 4⇡a2 .
dt
dt

(14)

Assuming an adiabatic expansion (isolated and reversible process) dS = 0, we are
left with dE = pdV and
ȧ ⇣
p⌘
⇢˙ + 3 ⇢ + 2 = 0.
(15)
a
c
This is the fluid equation that we will use to describe the time evolution of di↵erent
energy components in the Universe.

4

Acceleration equation

The 2nd Friedmann equation, also known as the acceleration equation, can be
derived from the 1st Friedmann equation and the fluid equation. We start by
di↵erentiating the 1st Friedmann equation (Equation 10) w.r.t. to time.
2

ȧ aä ȧ2
8⇡G
kc2 ȧ
=
⇢
˙
+
2
.
a a2
3
a3

Inserting Equation 15 into the above we find
✓ ◆2
⇣
ä
ȧ
p ⌘ kc2
= 4⇡G ⇢ + 2 + 2 .
a
a
c
a
4

(16)

(17)
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Then, plugging in Equation 10 a second time, we find:
✓
◆
ä
4⇡G
3p
=
⇢+ 2 .
a
3
c

(18)

This equation shows that any energy component with a pressure term tends to slow
down the expansion; the second time derivative of the scale factor will be negative.

5

Units

Up to this point we have been careful about including the speed of light, c, explicitly
in our derivations. However, it is common to set c = 1. The physics are not changed
by this fact and the equations are simplified. However, this can also lead to issues
when trying to quote physically meaningful quantities.
Using units where we set c = 1, the 1st and 2nd Friedmann equations become:
✓ ◆2
ȧ
8⇡G
k
=
⇢
(19)
a
3
a2
and
ä
=
a

6

4⇡G
(⇢ + 3p) .
3

(20)

The equation of state

A famous equation of state is the gas equation
pV = nRT.

(21)

The gas equation allows us to relate gas pressure to other state variables such as
number density, n, and temperature, T . In cosmology, it is common to express
matter/energy equations of state as simply
p = w⇢,

(22)

where p is pressure, ⇢ is energy density, and w is some scalar that relates the two.
For ideal gas the gas equation tells us that
1
2
pV = N mvrms
.
3
5

(23)
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Observations show that the average peculiar velocity of galaxies are well within
relativistic limits (v/c << 1) and we do in fact assume that all matter is nonrelativistic.3 This implies that the pressure term in the acceleration equation can
be ignored, that is p/c2 ' 0. In this case, the fluid equation says that
ȧ
⇢˙ + 3 ⇢ = 0 (p = 0),
a
⇢˙
ȧ
)
= 3 ,
⇢
a
) ln(⇢) = 3 ln(a) + const
(24)
From this we can write

⇢ = ⇢0 a 3 .

(25)

In other words
⇢m /

1
a3

(26)

What happens if p 6= 0? If we assume that one can write p = w⇢, we will get
✓ ◆
⇢˙
ȧ
= 3(1 + w)
⇢
a
1
) ⇢ / 3(1+w)
(27)
a
Photons have a pressure term that is equal to 1/3 the energy density (see statistical
mechanics course). In that case, we arrive at
⇢r /

1
a

3(1+ 13 )

=

1
a4

(28)

This suggests that the energy density of radiation and matter evolve di↵erently
with change in the scale factor. In the case of photons, a more rapid decline in
the energy density with an expanding universe can be understood in terms of a
wavelength increase.
Note. Pressure is typically quoted in units of N/m2 (Newton per meter
squared). However, multiply both sides of the division symbol and you will
find that pressure can be expressed as Nm/m3 which has the same units as
energy density since J = Nm.
Remember that E = hf = hc/ , a change in the wavelength because of the expansion of space therefore reduces the energy of photons; the photons are redshifted.
3

For example, the velocity of our galaxy relative to the fixed reference frame defined by the CMB photons (which
we will cover in a future lecture) is about O(100) km/s.

6
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Figure 2: Two-dimensional analog of universe curvature.

7

Curvature

Up to this point, we have treated the parameter k as a simple constant. It turns
out, however, that k has physical relevance. In short, general relativity permits three
types of solutions to the equations describing the time evolution of our Universe
when assuming homogenity and isotropy. These are attributed to three types of
values of the constant k, k < 0, k = 0, and k > 0.
k = 0 This is the most intuitive case. A value of k = 0 corresponds to a flat universe
that obeys Euclidian geometry. Two parallel lines will remain parallel indefinitely.
This universe is infinite in extent, since some type of an edge would break our
requirement of homogeneity and isotropy. Figure 2 gives a visual representation of
a flat universe in two dimensions. The sum of angles in a triangle is 180 degrees.
k > 0 This is a closed universe with parallel lines eventually crossing each other
(positive curvature); this universe is finite in extent. The two-dimensional analogy is
simply the surface of a sphere. Note that the 2-dimensional analogy is still perfectly
consistent with the concept of isotropy and homogeneity. Triangles drawn in this
geometry will have sum of angles that are larger than 180 degrees.
k < 0 This is an open universe (negative curvature). Lines that are parallel at some
point will diverge and never cross. This universe is infinite in extent. Triangles drawn
in this geometry will have sum of angles that are less than 180 degrees.
Why do we care about curvature? Although it is conceptually easy to think of a
flat universe, the theory of general relativity allows for three types of solutions and
we have no reason to assume one over the other.

7
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The case of a flat universe

In a flat (k = 0) and matter dominated universe we can write
✓ ◆2
ȧ
8⇡G
H2 =
=
⇢(t).
a
3

(29)

From equation 25 we saw that one can write
⇢m (t) =

⇢m (t0 )
a3 (t)

(30)

where we have chosen a(t0 ) = 1. Multiplying through Equation 29 with a(t)3 we
get
8⇡G
ȧ2 a =
⇢0 = constant
(31)
3
Assuming one can write a(t) = tq we have
1
ȧ = tq 1 ,
q

(32)

and therefore
ȧ2 a = t2(q 1) tq = t0 = constant
) 2(q 1) + q = 0
2
)q= .
3

(33)

This tells us that in a flat and matter dominated universe the scale factor, a(t),
evolves like
a(t) / t2/3 (matter dominated).
(34)
A similar exercise for a flat, but radiation dominated universe gives
a(t) / t1/2

9

(radiation dominated).

(35)

Age of the universe

What is the age of a matter dominated universe? Assuming a matter dominated
universe at all times (⇢m
⇢r ), we have
a / t2/3 .
8

(36)
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Figure 3: Time evolution of di↵erent energy components.

From this, we find that

ȧ 2 t 1/3
2
H(t) = =
=
.
a 3 t2/3
3t

Which allows us to write
2
2
t0 =
=
3H0
3 · 2.3 ⇥ 10

18

s

= 3 · 1017 s ⇡ 1010 years,

noting that H0 = 70 km/s/Mpc ⇡ 2.3 ⇥ 10

18

(37)

(38)

s 1.

Our current best estimates of the age of the universe (see future lecture) puts it at
Tage = 13.7 ⇥ 109 years.

10

(39)

Time evolution of the universe

At the present epoch, radiation appears to provide a relatively small fraction of the
total energy density of the universe. In fact, ⇢rad /⇢matter ⇠ 10 5 . However, the
Friedmann equations (and Equations 26 and 28) show the relative energy contribution of radiation and matter is not fixed with time. At earlier times
⇢r
1/a4
1
⇠
⇠
.
⇢m
1/a3
a

(40)

At earlier times, a ! 0, the universe was radiation-dominated. Figure 3 shows
the time-development of energy density from matter and radiation. At some point
9
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in the history of the universe, there was a transition where matter energy density
overtook the photon energy density in driving the expansion of space. It turns out
that this happened approximately 5000 years after the Big Bang.

10
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FK5024: Particle and Nuclear Physics,
Astrophysics and Cosmology
PART III: Astrophysics and Cosmology
Jon E. Gudmundsson1
jon@fysik.su.se
This lecture will focus on some features of a universe that is described by the
Friedmann equations. We will introduce the concept of dark energy (cosmological
constant) as well as the so-called critical density. We will also look at a model that
combines energy contributions from multiple sources. We will discuss current best
estimates for the total energy budget of the universe.
This lecture should be supplemented by Liddle: 6-9

1

The cosmological constant

In the early 20th century—even in the presence of Hubble’s observations—Einstein
and the majority of astronomy and physics communities were against the concept of
an expanding universe.2 To combat this, Einstein famously implemented a cosmological constant. With this additional term, the 1st Friedmann equation becomes
✓ ◆2
ȧ
8⇡G
k
⇤
=
(⇢m + ⇢r )
+
.
(1)
a
3
a2
3
In a universe that accommodates matter, radiation, and a cosmological constant,
the acceleration equation becomes
ä
4⇡G X
4⇡G X
=
(⇢i + 3pi ) =
⇢i (1 + 3wi ),
(2)
a
3
3
i2[m,r,⇤]

i2[m,r,⇤]

where we assume that there’s an equation of state that allows one to write
p i = w i ⇢i .
1

(3)

http://jon.fysik.su.se
There must be dozens of books discussing this period in the development of cosmology. One book that I
particularly liked describes the role of Geogre Lemaitre in this story [1].
2
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Note that m, r, and ⇤, correspond to matter, radiation, and a cosmological constant,
respectively.
Note. For most purposes and in most scientific discussion, dark matter and
ordinary baryonic matter are treated separately. However, when it comes to
describing the equation of state of these two constituents, they are treated
equally. Both dark matter and ordinary matter are treated as a pressureless
component (w = 0). This is consistent with a picture where dark matter particles correspond to unidentified non-relativistic particles (cold dark
matter).
Einstein invoked the cosmological constant to balance the contributions of energy
density, ⇢, curvature, k, and the cosmological constant, ⇤, so that we would get
H(t) = 0.

(4)

This turns out to be quite difficult in the presence of the two Friedmann equations,
since any solution that gives H(t) = 0 is unstable to perturbations.
It is instructive to look at the acceleration equation in the presence of a cosmological
constant. It becomes
ä
4⇡G
⇤
=
(⇢ + 3p) + .
(5)
a
3
3
If a positive cosmological constant term dominates the first term, it will induce a
positive value for ä. In other words, a relatively large and positive cosmological
constant will lead to accelerated expansion.
The modern interpretation is that ⇤ represents vacuum energy; the idea that empty
space has an intrinsic energy density. Figure 1 shows the qualitative di↵erence
between a classical vacuum and one that is full of pseudo-particles that are popping
in and out of existence.
When attempting to calculate the expected value for the energy density of vacuum,
high-energy physicists (or particle physicists) find that the expected value is in the
range of 60-120 orders of magnitude greater than what is suggested by current
cosmological limits on magnitude of the cosmological constant. This is known as
the cosmological constant problem or the vacuum catastrophe.

2
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Figure 1: Vacuum fluctuations in ”empty space” compared to classical empty space. Particles are
popping in and out of existence leading to non-zero average energy of empty space.

1.1

Equation of state for cosmological constant

Let’s define
⇢⇤ ⌘
This gives

⇤
8⇡G

(6)

(constant).

✓ ◆2
ȧ
8⇡G
=
(⇢m + ⇢r + ⇢⇤ )
a
3

k
.
a2

(7)

The requirement that ⇢⇤ is constant implies that ⇢˙ ⇤ = 0. We can now use the fluid
equation to derive the equation of state for dark energy.
✓ ◆
ȧ
⇢˙ ⇤ + 3
(⇢⇤ + p⇤ ) = 0
a
) ⇢⇤ + p⇤ = 0.
(8)
In other words ⇢⇤ = p⇤ . Using our standard notation, p = w⇢, we get w =
If the energy density is positive we therefore must have negative pressure!

2

1.

Critical density

Examining the 1st Friedmann equation, we see that there is a value for the total
energy density, ⇢ that forces k = 0. This density is
⇢c ⌘

3H 2 (t)
.
8⇡G
3

(9)
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Evaluated at the current epoch t = t0 , this number is
⇢c (t0 ) =

3H02
= 1.88 ⇥ 10
8⇡G

26

h2

kg
.
m3

(10)

Note that mass of the proton is 1.67 ⇥ 10 27 kg. Assuming h = 0.7, the critical
density then corresponds to approximately 5-6 protons per cubic meter! This sounds
like a really small number. However, when we look at cosmological distances this
does not sound as strange.
Remembering that G = 6.67 ⇥ 10 11 m3 kg
1 Mpc = 3.09 ⇥ 1022 m3 we get
⇢c = 2.8h

1

1

s 2, M

⇥ 1011 m /(h

1

= 1.99 ⇥ 1030 kg, and

Mpc)3 .

(11)

Note that mass of the Milky Way is estimated at approximately 1 ⇥ 1012 m and
the typical distance between galaxies is of order 1 Mpc.
It is standard to define the density parameter relative to the critical density
⌦(t) =

⇢(t)
⇢m (t) + ⇢r (t)
=
= ⌦m (t) + ⌦r (t).
⇢c (t)
⇢c (t)

(12)

We sometimes drop the time-dependence (leave it implicit). In this case, the 1st
Friedmann equation for a universe that includes both matter and radiation becomes
8⇡G
k
⇢c ⌦
,
3
a2
k
= H 2⌦
a2

H2 =

(13)

where ⌦ = ⌦r + ⌦m and we can rearrange to find
⌦

1=

k
.
a2 H 2

(14)

Note that ⌦ = 1 is a special case since k is a constant. It implies that ⌦ = 1 at all
times. After defining
⇤
⌦⇤ ⌘
,
(15)
3H 2 (t)
and
k
⌦k ⌘
,
(16)
H 2 (t)a2 (t)
we can also rewrite the above equation to get
⌦ + ⌦k = 1.
4

(17)
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If we’re including a cosmological constant, we would get
⌦r + ⌦m + ⌦⇤ + ⌦k = 1.

(18)

In a flat universe (k = 0),
⌦r + ⌦m + ⌦⇤ = 1.
The time-evolution of di↵erent energy components is coupled.

3

(19)

Total energy budget

We can put all of this together to find that
k
= ⌦r + ⌦m + ⌦⇤ 1.
(20)
a2 H 2
The curvature of the universe depends on the fractional contribution of di↵erent
energy components. We find that:
• Open universe: k < 0 and ⌦r + ⌦m + ⌦⇤ < 1
• Flat universe: k = 0 and ⌦r + ⌦m + ⌦⇤ = 1
• Closed universe: k > 0 and ⌦r + ⌦m + ⌦⇤ > 1
We can define
⌦m,0 ⌘ ⌦m (t = t0 ),

⌦r,0 ⌘ ⌦r (t = t0 ),

⌦⇤,0 ⌘ ⌦⇤ (t = t0 ),

which allows us to write

⇣ a ⌘3
⇣ a ⌘4
⇣ a ⌘2
0
0
0
2
2
H (t) = H0 ⌦m,0
+ ⌦r,0
+ ⌦k
+ ⌦⇤,0 .
a
a
a

This is sometimes written in terms of redshift
⇥
⇤
H 2 (z) = H02 ⌦m,0 (1 + z)3 + ⌦r,0 (1 + z)4 + ⌦k (1 + z)2 + ⌦⇤,0 .

(21)

(22)

(23)

Current best estimates suggest that ⌦m,0 ⇠ 0.3, ⌦r,0 ⇠ 1 ⇥ 10 5 , ⌦k ⇠ 1 ⇥ 10 3 ,
⌦⇤,0 ⇠ 0.7. In other words, at the present epoch it would appear that matter and
dark energy dominate. Furthermore, recent observations from the Planck satellite
limit the curvature of the Universe to
⌦k = 0.001 ± 0.002.

(24)

In other words, current best estimates suggest that the universe if flat.
Figure 2 shows a selection of time evolution histories of the scale factor for di↵erent
values of the total universe energy density.
5
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Figure 2: Scale factor as a function of time for di↵erent total energy densities. Figure adapted from
a similar figure found in Dr. Neil Trentham’s lecture notes.

4

Deceleration/acceleration parameter

We can Taylor expand the scale factor around t = t0 .
a(t) = a(t0 ) + ȧ(t0 )(t

1
t0 ) + ä(t0 )(t
2

t0 ) 2 + . . .

(25)

Dividing through:


where

ȧ(t0 )
a(t) = a(t0 ) 1 +
(t
a(t0 )
h
⌘ a(t0 ) 1 + H(t0 )(t
q0 ⌘

t0 ) +
t0 )

ä(t0 )
=
a(t0 )H02

1 ä(t0 )
(t t0 )2 + . . .
2 a(t0 )
i
q0 2
2
H (t t0 ) + . . . ,
2 0

a(t0 )ä(t0 )
ȧ2 (t0 )

(26)

(27)

is the (dimensionless) deceleration parameter.
Separate energy components evolve di↵erently with the scale factor and from the

6
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acceleration equation we find
ä
=
a

4⇡G X
⇢i (1 + 3wi )
3
i

ä(t0 )
4⇡G X
) q0 = 2
=
⇢i (1 + 3wi )
H0 a(t0 )
3H02 i

(28)
(29)

Noting that 4⇡G/(3H02 ) is a constant we see that ”fluids” with a positive value for
w will decelerate the rate of expansion. Dark energy on the other hand, tends to
accelerate the rate of expansion.

5

Connection to exam

It can be useful to connect the lecture material to types of questions that might
possible pop up on an exam. Here’s a typical exam question:
Question: We assume that Type Ia variables are standard candles and therefore
that their luminosity is fixed, L = Lsn (see Figure 3). We observe a supernova
in a satellite galaxy of the Milky Way (our own galaxy) and thankfully we also
have observations of cepheid variables that help us determine the distance to this
supernova, R0 . The flux from this supernova is F0 . We now detect a supernova
in what appears to be a distant galaxy. The relative magnitude of this supernova
compared to close-by supernova is m = +9. Assuming that the luminosity of
these two stellar remnants is the same. Derive an equation that describes the
distance to the far-away supernova in terms of R0 and z for a) a universe that is
static; b) in a universe that is expanding such that a(t0 )/a(t) = 1 + z where a(t)
is the scale factor and z is the redshift.
Answer: a) From lecture 11, in a static universe we know that the apparent
magnitude can be written as
✓
◆
F0
m0 = 2.5 log10
+ const.
(30)
Fref
is the magnitude of the nearby supernova. The magnitude of the distant supernova
is
✓
◆
F1
m1 = 2.5 log10
+ const.
(31)
Fref
The relative magnitude of the distant supernova compared to the nearby one is
7
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Figure 3: Problem setup.

therefore
m = m1

m0 =

2.5 log10

✓

F1
F0

◆

= 9.0

Using the relation between luminosity and flux, F / R 2 we see that
✓
◆
Rref
m1 = 5 log10
+ const.
R1
which allows us to write

✓

◆
R0
m = log10
= 9/5
R1
) R1 = R0 /10 9/5
) R1 ⇡ 63.1R0

(32)

(33)

(34)
(35)
(36)

b) In a universe that is expanding we will have to change the luminosity relation.
Instead of F = L/(4⇡R2 ) we now have
F =

L
.
4⇡R2 (1 + z)2

(37)

Plugging into Equation 33, and assuming that the redshift of the reference supernova is z ⇡ 0.0, we get
✓
◆
R1 (1 + z)
m1 = 5 log10
+ const.
(38)
Rref
So
R1 = 10

m/5

8

R0 /(1 + z).

(39)
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Figure 4: The absolute magnitude (or distance modulus) as a function of redshift for a collection
of Type Ia observations. Unlike in the previous figure, we are now looking backwards in time as we
move to the right on the graph. Measurements appear consistent with a positive second derivative
in the slope which would indicate accelerated expansion.

In an expanding universe, we find that physical distance to the supernova is less
than we would assume from a static universe. The photons lose energy because of
redshift.

6

Recent observations of accelerated expansion

Let’s now connect the above question to today’s lecture notes.
Recent observations of Type Ia supernova suggest that the Universe is expanding.
This observation led to the awarding of a Nobel prize in 2011. In e↵ect, the
supernova measurements show that the deceleration parameter is positive; that the
scale factor has a positive second time derivative.
Figure 4 shows a cartoon version of the type of Hubble diagrams that are used
to support this claim. Data for hundreds of Type Ia supernova, which we assume
are standard candles, have been gathered. These supernovae are found in galaxies
covering redshifts up to about z ⇡ 1.5. The distance modulus, or the absolute
magnitude, is plotted as a function of redshift. Di↵erent cosmological models are
shown for comparison. These models are generated using numerical calculations
9
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that allow us to evolve the scale factor for di↵erent energy density scenarios. It
would appear that models with a positive 2nd derivative (acceleration) fit the date
points more accurately. In particular, models with ⌦m ⇡ 0.3 and ⌦⇤ ⇡ 0.7.

References
[1] Farrell, J. The Day Without Yesterday. Thunder’s Mouth Press, New York,
NY, 2005.
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FK5024: Particle and Nuclear Physics,
Astrophysics and Cosmology
PART III: Astrophysics and Cosmology
Jon E. Gudmundsson1
jon@fysik.su.se
Today we will focus on the cosmic microwave background and its relation to the early
universe. We will also discuss the role that radiation played prior to recombination
and contrast it with observations today that suggest that radiation contributes a
relatively small chunk of the total energy density of the Universe. First, however,
we will talk about dark matter.
This lecture should be supplemented by Liddle: 9-12

1

Dark matter

The matter energy of the universe is estimated at ⌦m ⇡ 0.3. However, observations
suggest that normal matter (baryons) in the form of stars, gas, and dust, make up
only about 5% of the critical energy density. The rest of the matter density is in
some form of dark matter component, ⌦c . We can write
⌦m = ⌦b + ⌦c ⇡ 0.3.

(1)

This obviously implies that the dark matter makes up about 25% of the total energy
density of the Universe. But what is dark matter and why should we believe it’s
there?
There are numerous independent observations that support the dark matter hypothesis. These include:
• Lack of visible mass, accounting for stars and gas only gives ⌦b ⇠ 0.05
• Observations of galaxy rotation curves; an e↵ort famously spearheaded by Vera
Rubin and collaborators
1
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• Big bang nucleosynthesis only matches observed element abundance if
0.021  ⌦b h2  0.025

(2)

• The formation of structure in our universe cannot be explained by ⌦m ⇠ 0.05
and it would seem that we need to add about ⌦c ⇠ 0.25 weakly-interacting
cold dark matter to get results that are consistent with observations
• The acoustic oscillations observed in the CMB power spectrum strongly suggest
a cold dark matter component (see 9.1.6 and A5 in Liddle)
• (Extra) Observations of galaxy cluster mergers (Bullet cluster)
• (Extra) Strong gravitational lensing
Measurements of the so-called acoustic oscillations in the cosmic microwave background provide one of the strongest constraints on the amount of dark matter in
the universe (see Section A5 in Liddle for those that are interested).
Note. Surprisingly, of the baryonic matter that we observe, only about 1/5
is in the form of stars. The rest is interstellar and intergalactic gas that
has not had time to collapse and form stars. We can see this from galaxy
clusters which appear to have heated surrounding gas to sufficiently high
temperatures to make it glow in the x-ray spectrum (see Figure 2.3 in Liddle).
But what is dark matter? As far as we can tell, dark matter can not be composed
of standard model particles. Also, it has to be electrically neutral because otherwise
it would shine through electromagnetic interactions. A popular hypothesis is that
dark matter is just a distribution faint stars or brown stars (Jupiters), but this seems
to be ruled out by ultra deep observations from the Hubble telescope. Neutrinos
have also been suggested as possible dark matter candidates. However, we have
already set limits on the mass of the neutrino that seems inconsistent with the idea
that they constitute a large fraction of ⌦m . Other popular dark matter candidates
include:
• Weakly interacting massive particles (WIMPS) or axions
• Primordial black holes
• Massive compact halo objects (MACHOS)
• Something we have yet to think up
2
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The cosmic microwave background

The cosmic microwave background (CMB) is an isotropic blackbody radiation field
with temperature
TCMB = (2.726 ± 0.001) K.
(3)
No matter what direction we point our mm-wavelength sensitive telescopes we will
see the same monopole signal which is consistent with that of a blackbody of
temperature TCMB .

It turns out, however, that on top of the constant monopole signal there are O(10
100) µK anisotropies which encode information about some of the cosmic events
that were ongoing prior, during, and even after the epoch when the CMB photons
were emitted. Figure 1 shows the cosmic microwave background after we have
removed a constant monopole signal and a dipole signal caused by our motion
relative to the last scattering surface.
Note. We are moving in a roughly circular orbit around the sun with velocity vorbit = 30 km/s. When we look at the CMB we find that there is
a dipole signal (which we have removed from Figure 1) corresponding to
approximately 3 mK, roughly 1/1000 the amplitude of the CMB monopole.
The simplest explanation is that we are moving with velocity v in the fixed
reference frame defined by the last scattering surface and that there is a
Doppler shift that is responsible for the dipole signal. If you remember the
low-velocity limit of the relativistic Doppler equation, you can conclude that
we are moving with velocity vpecul. ⇠ 300 km/s relative to the CMB.

3

Historical sidenote [not on exam]

In the 1960’s a group of physicists at Princeton University began to search for the
presence of thermal radiation remaining from a “primordial fireball.” Their research
was directed by Robert Dicke, who by then had made contributions to a wide range
of physics, including radar development and atomic theory, but focused now on
gravitation theory. Using microwave receiver technology that Dicke had developed
twenty years earlier, called the Dicke radiometer, the Princeton group set about
measuring this relic radiation on the roof of Guyot Hall in 1964. The experimental
e↵ort was led by Roll and Wilkinson [1].
As the Princeton group was commencing its measurements another New Jersey duo,
3
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Figure 1: The anisotropies of the cosmic microwave background. The monopole and dipole signal
have been subtracted from this map in order to reveal the lower-amplitude primary anisotropies.
Grey lines outline parts of the Galaxy that contaminate the CMB signal estimate. Image from ESA
and the Planck Collaboration.

Penzias and Wilson, had begun using a radiometer for astronomical observations.
Battling an unknown noise contaminant, the pair had exhausted all avenues of
reason, as they resorted to the sweeping of pigeon droppings inside their monstrous
receiver horn. The Bell Labs researchers eventually made contact with the Princeton
group which helped them understand their predicament. Penzias and Wilson had
serendipitously discovered the cosmic microwave background (CMB), an incredibly
uniform blackbody signal coming from all directions on the sky [2]. Subsequent work
by physicists at Princeton helped define the results and their theoretical implications
[3, 4]. The discovery of the CMB brought the big bang universe to the forefront of
modern physics. Figure 2 shows the results from the first Bell Labs and Princeton
measurements overlaid on a 3 K blackbody spectrum.
Despite common belief, one can argue that the 1964 Bell Labs measurements did
not represent the first evidence for a uniform cosmic afterglow. The study of CN
molecular spectra, published as early as 1940, suggested “a maximum e↵ective
temperature of interstellar space” of about 1–3 K [5, 6] and an excess temperature
of space was reported during the commissioning of the Bell Labs receiver [7, 8].

4

FK5024

Lecture 15

Figure 2: The results of the two New Jersey measurements, published in 1966 [3], showing spectral
radiance as a function of wavelength with a 3-K blackbody spectrum plotted for comparison. Both
the Bell Labs (7.35 cm) and the Princeton measurement (3.2 cm) were performed safely within
the Rayleigh-Jeans limit, almost two orders of magnitude below the peak value of a 3-K blackbody.
Figure reproduced courtesy of P. J. E. Peebles.

4

The CMB spectrum

Regardless of who should be acknowledged for the initial discovery, the study of the
cosmic microwave background has been ongoing for more than 50 years, and we now
know that the CMB is almost a perfect blackbody with temperature TCMB = 2.726K
[9]. Its spectral radiance as a function of frequency, f , follows the form
2hf 3
1
B(f, T ) = 2
,
(4)
c exp(hf /kB T ) 1
where h and kB are Planck and Boltzmann constants respectively, T is the blackbody
temperature, and c is the speed of light in vacuum. The corresponding energy
density is
8⇡hf 3
1
✏(f, T ) =
,
(5)
c3 exp(hf /kB T ) 1
We can integrate the following expression over all frequencies to find the energy
density in a blackbody radiation field of temperature T (see Chapter 2 in Liddle
and Francesco’s tutorial). This gives
✏rad = ↵T 4 ,
5

(6)
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where

⇡ 2 kB4
16
↵=
Jm 3 K 4 .
3 3 = 7.565 ⇥ 10
15h̄ c
From Lecture 14 we know that the energy density of radiation scales like

(7)

1
.
a4

(8)

1
T / .
a

(9)

⇢r /
Therefore, we see from Equation 6 that

The temperature of the CMB blackbody radiation field is inversely proportional to
the scale factor, a(t).
By plotting the Planck’s blackbody radiation formula as a function of x = khf
we
BT
see that the peak in the distribution (roughly the mean) corresponds to x ⇡ 3.
This suggests that the typical energy of a photon in a blackbody radiation field is
with temperature TCMB is
Emean ⇡ 3kB TCMB = 7.0 ⇥ 10

4

eV.

(10)

Clearly the CMB photons have a relatively low characteristic energy compared the
energy required to ionize hydrogen (13.6 eV) and the average thermal energy in the
classroom (⇠ 0.025 eV).

5

The radiation dominated era
In Lecture 14 we saw that there’s a transition where the universe stops being radiation dominated and becomes matter
dominated, and that this transition happens approximately
5000 years after the Big Bang. In the previous section we
showed that the current energy density of the CMB photons
is only a tiny fraction of the critical energy density. Figure
3 shows the rough contributions from di↵erent constituents
to the total energy density. Here, we ignore contributions
from neutrinos for simplicity.

Figure 3: Energy budget.

It is instructive to estimates the temperature of the CMB
radiation at the time of matter-radiation equality.

Let’s begin by estimating the fractional energy density of photons today. The
temperature today (z = 0) is TCMB ⇡ 2.73. From Equation 6 we know that the
6
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Figure 4: The spectral radiance of a blackbody with temperature T = 3500 K. The tail of the
photon distribution exceeds the ground state energy of the hydrogen atom, 13.6 eV (even though
you don’t see it on a linear scale).

total radiation energy density today is given as
4
⇢r (t0 ) = ↵TCMB
= 0.26 eV/cm3 ,

(11)

with ↵ = 4.722 ⇥ 103 eV/m3 /K4 . Similarly, we have
3H02
⇢c (t0 ) =
' 10, 500 h2 eV/cm3 ,
8⇡G

(12)

which suggests that ⌦r ' 4.89 ⇥ 10 5 if we assume h = 0.7 (see Lecture 14).
Clearly, photons only make up a tiny fraction of the critical density.
In past lectures we have also shown that one can write
⇢m = ⇢r (t0 )(1 + z)3 ,
⇢r = ⇢m (t0 )(1 + z)4 .

(13)
(14)

Comparing the two equations above, we find that ⇢m ⇡ ⇢r happens when
(1 + zeq ) =

⇢m (t0 )
⇠ 104 .
⇢r (t0 )

(15)

Here, zeq represents the epoch of matter-radiation equality. From the above, one
might possibly be forgiven for assuming that radiation decoupled from matter at
redshift z = 10,000, which, given Equation 9, would correspond to a temperature
of Teq = 30, 000 K. However, this is incorrect.
7
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Figure 5: The history of the Universe.

The recombination event happens long after matter-radiation equality. To see this,
we note that the number density of photons relative to protons during recombination
is very large
nr
⇢r /Er
mp
1 GeV
⇡
=
⇠
= 109 ,
(16)
nm
⇢m /mp
Er
1 eV
where we assume that ⇢r = ⇢m during matter-radiation equality. The above calculation also relies on Er = (1 + zeq )Er (t0 ) ⇠ 1 eV and the assumption that the
proton mass can be used to calculate the matter number densities during this era.
Note that most normal matter should be in the form of neutrons and protons during
this era.
Since there are more photons than baryons, recombination does not take place when
the e↵ective temperature of the Universe corresponds to 13.6 eV (the hydrogen
8
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ionization energy), but rather at 0.93 eV. This can be understood from looking at
the tail of the blackbody distribution for T = 3500 (see Figure 4) and realizing
that even though most of the photons live in the O(1 eV) range, there is still
a non-negligible amount of photons above the 13.6-eV limit. The 0.93 eV value
corresponds to the time when 90% of the free protons have combined with electrons
to form neutral hydrogen.
It turns out that photons are unable to ionize hydrogen atoms at a redshift (see
Section 10.3 in Liddle)
zdec = 1090.
(17)
After this time, the tail of the blackbody energy distribution provides insufficient
number of ionizing photons.

6

The early universe

The current age of the universe is 13.7 Billion years and we assume that the CMB
photons last scattered when they had a characteristic temperature of 3000 K.2
Assuming the Universe is currently matter dominated (was a decent approximation
until a few Billion years ago), and that we can write
a(t) / t2/3 .

(18)

Then, from Equation 9 we know that
T (t0 )
= T0 (1 + z),
a(t)
✓ ◆2/3
T0
t
) a(t) =
=
,
T (t)
t0
✓
◆3/2 ✓
◆3/2
tdec
T0
2.7 K
)
=
=
,
t0
Tdec
3000 K
✓
◆3/2
2.7 K
) tdec = t0
⇡ 370, 000 years.
3000 K

T (t) =

(19)

In other words, the CMB photons started their journey when the Universe was
roughly 370 thousand years old.
As we’ve shown before, the Universe was radiation dominated before it became
matter dominated at (z > 104 ). We can plug Equation 6 into the 1st Friedmann
2

Note that we said 3500 K in the previous section, but we are already doing a number of approximations and
3000 K gives more accurate end result.

9
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Figure 6: The last scattering surface corresponds to the event where photons last scatter on charged
particles in the primordial plasma. After this last scattering event, the CMB photons largely free
stream through the universe until some of them are detected by our telescopes today. The photons
have been redshifted significantly from the last scattering surface.

equation to find

✓ ◆2
ȧ
8⇡G
8⇡G 4
H =
=
⇢r =
↵T .
(20)
a
3
3
p
In a radiation dominated universe we know that a(t) / t (see Lecture 13) and so
2

H(t) =

ȧ
1
= .
a 2t

(21)

Thus
✓

1
2t

◆2

8⇡G 4
↵T ,
3
✓
◆1/4
3
1
p .
)T =
32⇡G↵
t
=

(22)

We can use this expression to show that the Universe had a temperature corresponding to 1 MeV at time t = 1 s. This is a useful number to remember, and it
suggests that the characteristic energy of the Universe 1 second after the Big Bang
was comparable to the binding energy of nuclei.
Figure 5 walks you through some important events in the history of the Universe.
10

FK5024

Lecture 15

Figure 7: The CMB angular power spectrum as measured by the Planck satellite. The location and
amplitude of the peaks and troughs can be linked to dark energy, dark matter, and baryonic energy
densities while the location of the peaks can be used to constrain the geometry of the Universe
(curvature).

7

The last scattering surface

Prior to decoupling/recombination (we often use the terms interchangeably), photons and baryons are tightly coupled. Photons scatter o↵ electrons and hydrogen
atoms are quickly split apart
+e
H+

! +e ,
!p+e .

(23)
(24)

As photon density and energy decreases, equilibrium is broken. Photons can no
longer ionize hydrogen and the above relation can only go in one direction.
Figure 6 shows the so-called last scattering surface. The CMB photons at the
last scattering surface had significantly more energy and the Universe was glowing
bright in the visible during this epoch. As the Universe expanded, these photons
have been redshifted by a factor of a thousand. The CMB photons are coming from
all directions and their energy is quite uniform. However, sensitive telescopes can
be used to detect variations in the temperature of the CMB photons that can be
used to test various cosmological phenomena.
11
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The primary CMB anisotropies, which were first mapped by the COBE satellite,
correspond to O(10 100) µK variations in the intensity of the CMB (see Figure
1). Outside of the Galactic plane, these anisotropies dominate the sky signal over a
wide range of angular scales. The angular power spectrum has now been measured
by numerous experiments, including the Planck satellite (see Figure 7). Normally
the power spectra are plotted as a function of `, the multipole moment. 3
CMB temperature anisotropies, T (n̂) = T (n̂)/T0 , are naturally decomposed using
spherical harmonics according to
T (n̂) =

1 X̀
X

aT`m Y`m (✓, ),

(25)

`=1 m= `

In Figure 7, the acoustic oscillations can be seen as a series of peaks and throughs
starting at degree angular scales, coinciding with ` ⇡ 100.

8

Big Bang Nucleosynthesis revisited

In Lecture 11 we discussed relative abundances of neutrons and protons and how
they get locked in at energies of around 1 MeV roughly 1 sec after the Big Bang.
✓
◆
Nn
1.3 MeV
1
' exp
' .
(26)
Np
0.8 MeV
5
In the first few minutes, light isotopes such as deuterium, helium-3, helium-4, and
lithium are produced. However, the characteristic energy of the Universe is too
high for these isotopes to last long; they almost immediately disintegrate back
into neutrons and protons. It is not until until the characteristic temperature of
the Universe falls down to about 0.06 MeV that these isotopes can start to bind
permanently. This corresponds to time tnuc = 340 s. It is an interesting coincidence
that tnuc does not fall too far from the half-life time of neutrons in isolation, thalf =
610 s. If the half-life time of neutrons had been much shorter, the neutrons would
have all decayed into protons and the Universe would have been left with only
hydrogen atoms.
The anthropic principle in cosmology roughly states that: the Universe must be
found to possess those properties necessary for the existence of observers. That a
universe with physical laws that are unable sustain intelligent life would not have
3

The conversion to corresponding angular scales is found by the approximate expression ✓ ⇡ ⇡/` [rad].
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individuals mulling over its physical laws (like we are today). There are various forms
of these arguments, often referred to as the weak and strong anthropic principles,
but the basic idea is the same.
It is interesting to note that a universe with a cosmological constant several orders
of magnitude greater than what is suggested by observations of type Ia supernovae
would immediately accelerate away into oblivion and thermal death. Similarly, minor
tweaks of physical constants, such as the constants that govern weak and strong
interactions, would produce conditions that are unable to harbor life.
We now know that roughly 24% of the baryonic matter in the Universe is in the form
of helium with the rest in hydrogen and only trace amounts of helium-3, deuterium,
and lithium. Knowing the temperature of the CMB, and therefore the photon
number density in the Universe, the theory of big bang nucleosynthesis is actually
able to predict the mass densities of di↵erent isotopes (see Figure 12.1 in Liddle).
Remarkably, these mass densities agree incredibly well with current constraints on
deuterium abundance which are obtained from absorption features from spectra of
quasars. These observations put really tight constraints on the amount of baryonic
matter in the Universe. Given that the Universe is observed to be flat, we need to
invoke other forms of energy such as dark matter and dark energy.
Note. One half of the 2019 Nobel prize in physics went to James E. Peebles. He has made numerous contributions to theoretical cosmology. One
of his major achievements, is developing the modern version of big bang nucleosynthesis. Before Peebles, many thought that big bang nucleosynthesis
could generate even heavier isotopes such as carbon. We now know that
all isotopes heavier than lithium are produced in stars, in particular during
supernovae events.
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FK5024: Particle and Nuclear Physics,
Astrophysics and Cosmology
PART III: Astrophysics and Cosmology
Jon E. Gudmundsson1
jon@fysik.su.se
Today we will focus on a few fundamental problems with the classical Big Bang
model and discuss how the theory of cosmic inflation can be used to resolve those
problems. The first section is extra material that is useful for constructing a full
mental picture of the history of the Universe, but there wont be direct question
on this topic on the exam. For those that are interested, section A5 in Liddle will
complement this section nicely.
This lecture should be supplemented by Liddle: 4.4, 4.5, 13.1 - 13.3.1

1

Baryon acoustic oscillations (optional)

Prior to recombination, interactions between radiation and matter left an imprint
on the large-scale distribution of matter across the universe. The phenomenon
is referred to as baryon acoustic oscillations (BAOs). Baryons and dark matter
couple gravitationally, yet dark matter lacks photon interactions and, therefore,
does not feel radiation pressure in overdense regions. Conversely, baryons are
pushed outwards from initial overdensities by this photon pressure. As this happens, the Universe is expanding and eventually the interaction subsides during decoupling/recombination. Baryons are suddenly left behind as the CMB photons
shed their superluminal counterparts. Most of the baryons fall back towards the
overdense regions while a fraction remains in a shell as an echo from the former
era.
The Copernican principle states that we, as observers of the Universe, do not have
the benefit of a privileged vantage point. As modern sky surveys suggest that our
local universe is isotropic and homogenous over the largest scales we conclude that
1
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Figure 1: Results from the 2dF Galaxy Redshift Survey showing the distribution of galaxies projected
onto the plane. Reproduced with the permission from the 2dF Galaxy Redshift Team [1, 2]

so is the Universe as a whole. Upon closer inspection we notice, however, that
galaxies tend to clump together in halos with great lifeless voids in between. Figure 1 shows the distribution of approximately a hundred thousand galaxies across
two patches on the sky as measured by the 2dF Galaxy Redshift Survey [1]. Similar
distributions can only be seen in simulations that include a cold dark matter component that dominates baryonic energy densities at the ratio of six to one [3]. This
is just one of many observations that support the idea of dark matter.
Observations of acoustic oscillations in the power spectrum of the cosmic microwave
background anisotropies allow us to constrain the geometry of the Universe. To see
this, it helps to think about the time-evolution of a collection of standard (baryonic)
matter particles, dark matter particles, and photons.
Dark matter is uncharged and only interacts through gravitation. Baryonic matter
on the other hand feels the pressure from photons in addition to the gravity. This
pressure is counter to the gravitational force that tries pull all objects towards the
center of the mass distribution. Prior to decoupling, matter and radiation interacted
frequently and pressure (sound)pwaves travelled at the almost the speed of light in
vacuum; turns out that vs = c/ 3 is a good approximation.
Let us now imagine that the radius of our spherical mass distribution
corresponds
p
to the distance that particles moving at the velocity vs = c/ 3 can traverse over
the age of the Universe. The maximum distance traversed during a gravitational
2
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Figure 2: The geometry of the Universe can be estimated by measuring angles subtended by hot and
cold spots in the anisotropies of the cosmic microwave background. Cases a), b), and c) correspond
to a closed, flat, and open universe, respectively. Figure taken from a document prepared by the
Royal Swedish Academy of Sciences to accompany the 2019 Nobel prize announcement.

collapse is vs tdec . Assuming that we understand the thermodynamics of primordial
plasma in an expanding universe, we can calculate this length scale quite precisely.
Knowing this length scale and the corresponding redshift, we can now use that to
constrain the geometry of the Universe.
In a flat geometry, the angle that an object subtends on the sky is simply
(1)

✓ = p/d,

where p is the physical size of the object and d is the distance to the object. In a
closed universe, that angle will be larger than what’s predicted by Equation 1 (see
Figure 2). Conversely, in an open universe, the angle will be smaller.

2

Flatness Problem

We observe that the curvature of the Universe in the current epoch is quite close
to being flat (k = 0). This suggests that
3H02
⇢(t0 ) ' ⇢c (t0 ) =
.
8⇡G

(2)

We have also shown that one can rewrite the 1st Friedmann equation to get
|⌦tot (t)

1| =
3

k
,
a2 H 2

(3)
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where

⇢(t)
.
⇢c (t)
In a matter and radiation dominated universe we can show that

(4)

⌦(t) =

a2 H 2 / t

Which gives

a2 H 2 / t
|⌦tot
|⌦tot

1

2/3

(Radiation dominated),

(5)

(Matter dominated).

(6)

1| / t (Radiation dominated),
1| / t2/3

(7)
(8)

(Matter dominated).

In both cases, the di↵erence between ⌦tot and 1 grows with time. A flat geometry is
therefore unstable. In order to have zero curvature at all times we need to balance
the total energy density of the Universe to be perfectly equal to the critical energy
density. This calls for careful tuning.
Another way to see this is to remember that the curvature term in the 1st Friedmann
equation, k/a2 , changes more slowly with both matter and radiation which scale like
1/a3 and 1/a4 , respectively. Therefore, if the Universe is not completely dominated
by the curvature term today, the curvature must have started at a much lower value
than contributions from radiation and matter in earlier epochs of the history of the
Universe.
The tuning requirement can be seen from noting that current limits suggest |⌦tot
1|  0.01 today. Therefore, at earlier times:
• At decoupling (t ' 1013 s) we have |⌦tot

1|  10

5

• At matter-radiation equality (t ' 1012 s) we have |⌦tot
• During nucleosynthesis (t ' 1 s) we have |⌦tot
• Scale of electroweak symmetry breaking (t ' 1

12

1|  10

1|  10

6

18

s) we have |⌦tot 1|  10

30

General relativity admits any value of the curvature term and there is no particular
reason to assume |⌦tot 1| = 0 in the current epoch.

3

Horizon problem

When we look at the cosmic microwave background (CMB), we are looking at an
image of the Universe from a redshift of z ⇡ 1090. We can use the finite speed of
4
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Figure 3: Particle horizons at the last scattering surface. The finite speed of light and the finite age
of the Universe mean that during decoupling, the so-called particle horizon was much smaller than
it is today. Consequently, the sky is filled with causally disconnected regions. How is it possible that
they all agreed on the temperature with so high precision?

light and the assumptions that tdec = 380, 000 yrs to calculate the radius of causal
contact, the so-called particle horizon, at redshift z = 1090. It turns out that this
radius projected perpendicular to the line of sight amounts to about 1 deg on the
sky (see Figure 3). In other words, the last scattering surface as it appears to us
consists of thousands of causally disconnected regions. What is it then that allowed
these regions to coordinate and agree on their temperature to ten parts per million?
This is known as the horizon problem.
Definition: The particle horizon is the physical distance that a particle (light or
anything else) moving at the speed of light could have traversed from the beginning
of time to the current epoch. It reflects a spherical causal horizon. Anything outside
of that horizon can not have communicated with an observer at the center of this
sphere. Clearly, the particle horizon changes with time.

5
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Cosmic Inflation

The theory of cosmic inflation was originally developed by Alan Guth in the 1980’s.
His motivation for that work was to study magnetic monopoles.2 He quickly realized
however, that the inflationary mechanism could help explain some of the other
peculiarities that we have described above.3
The basic idea behind cosmic inflation is that the infant universe undergoes a
period of accelerated expansion which is characterized by ä > 0. This is in fact the
requirement for cosmic inflation:
ä > 0 , Inflation

(9)

This quick expansion of space magnifies microscopic volumes and washes out spatial
curvature. As part of this process, regions that were once in causal contact are
expanded away from each other at superluminal speeds so that they now appear to
be causally disconnected.
The evolution of the scale factor in a universe that is dominated by a cosmological
constant can be seen from the 1st Friedman equation
✓ ◆2
ȧ
8⇡G
⇤
⇤
2
H =
=
(⇢m + ⇢r ) + ' .
(10)
a
3
3
3
From this we can see that

r

ȧ
=
a
which has an obvious solution
a(t) / e

p

⇤
,
3

⇤/3t

= eHt .

(11)

(12)

If the energy density of the Universe is dominated by a cosmological constant, we
will have exponential growth of the scale factor.
From looking at the acceleration equation (2nd Friedmann equation)
ä
=
a

4⇡G
(⇢ + 3p),
3

2

(13)

Various exotic particles, including magnetic monopoles, are predicted by high energy theories. In the current
cosmological model, there is no way to get rid of those exotic particles in the present day universe. As far as we can
tell, the relative abundance of magnetic monopoles and some of those exotic particles must be tiny. Some mechanism
is required to limit these number densities.
3
I highly recommend Alan Guth’s historical accounting of his own work as described in the popular science book,
the Inflationary Universe [4].

6
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we can also see that ä > 0 forces
(⇢ + 3p) < 0 ) p <

⇢/3.

(14)

We need negative pressure that exceeds a certain threshold to drive accelerated
expansion.

4.1

Solving the flatness problem

The 1st Friedmann equation can be written in another way
|⌦tot (t)

1| =

|k|

a2 H 2

.

(15)

If ä > 0 we have

d
d
(ȧ) > 0 ) (aH) > 0.
(16)
dt
dt
In other words, the requirement for cosmic inflation is exactly what pushes the total
energy density towards the critical energy density; this results in a flat universe (zero
curvature).

4.2

Solving the horizon problem

The qualitative solution to the horizon problem can be seen from looking at Figure
4. The expansion of space means that regions that were once in causal contact
are no longer connected. This can only happen if the expansion of space outpaces
the rate at which your observable universe grows with time. Looking at Equation
12, one can see that with sufficient time, t, or sufficiently large value of H, the
expansion of comoving space will outpace the speed of light.
Starting with
a(t) = eHt

(17)

we know that physical distances scale are related to comoving distance scales according to
r(t) = a(t) = eHt .
(18)
The corresponding velocity is simply
v(t) =

d
r(t) = ȧ(t) = HeHt .
dt
7

(19)
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Figure 4: Prior to inflation, the region contained within the dashed circle was in causal contact.
Particles and light are able to interact and come to a thermal equilibrium across this region of
space. Inflation causes superluminal (faster than speed of light) expansion of space. At the end of
inflation, the physical separation across the grid cell diagonal shown on the right hand side is equal
to the distance that light could have travelled over the age of the Universe. The cell is now causally
disconnected from other cells. Furthermore, assuming that the sphere shown on the left represents
a 2-dimensional analog of the Universe, you can also convince yourself that this expansion of space
has reduced curvature (made the Universe more flat).

We have superluminal expansion of space as long as HeHt
speed of light in vacuum.

> c, where c is the

Question: What happens if the current day Universe is completely dominated by
dark energy and we observe indefinite accelerated expansion? How long would it
take a comoving distance of 1 m to move away from us at velocity c = 2.998 ⇥
108 m/s?
Answer: Assuming that H = H0 ' 70 km/s/Mpc, we now have
H0 eH0 (t

t0 )

⇥1m=c

(20)

This is a transcendental equation, but we can use a calculator to see that an
approximate answer is t ⌘ t t0 = 2.6615 ⇥ 1019 s, which corresponds roughly
to 848 billion years. That’s 61 times the current age of the Universe.

8
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Ending inflation

At some point, however, this dramatic expansion has to slow down to the more
moderate rate that allowed for structure formation. A generic model of inflation
is generally followed by a so-called reheating event, during which di↵erent particle
species are created in thermal equilibrium. The physics of reheating are largely
opaque to us and the physics of inflation and reheating represent an active research
area.
Note. It would seem that cosmic inflation and dark energy could be described
by the same equation of state. What is the di↵erence between cosmic inflation and a universe that is dominated by dark energy (cosmic constant)?
The di↵erence can be seen from looking at energy scales required to drive
the expansion of the Universe during the current epoch versus the energy
density in the infant Universe. For typical models of the early Universe, the
energy scales required to make significant contribution to the total energy
density are of order 1014 GeV or even greater. This suggests that whatever
physics is responsible for dark energy today is likely di↵erent from the physics
driving cosmic inflation.

5

The fate of the Universe

So what is the ultimate fate of the Universe? One can argue that since we don’t
understand the physics of dark matter and dark energy there is no way for us to
extrapolate infinitely far into the future. However, taken current observations at
face value and plugging them into the Friedmann equation we can arrive at results
that are similar to Figure 5.
Given ⌦⇤ ⇡ 0.7 and ⌦m ⇡ 0.3, it would appear that we live in a universe that will
expand forever. The implications are universe that will end in thermal death.
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Figure 5: Constraints on dark energy and matter energy densities together with the Friedmann
equations allow us to predict the fate of the Universe. Independent cosmological observations
combine to reduce viable parameter space. Figure from the Supernova Cosmology Project.
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